
���������
	����������������������������������� 	��!�"����#�	�#�$&%'�(����)
*,+.- �����/�����1032 + ���4�����

57686:9<;:=<>�?A@�BACEDGF�HIHIH
J BACEDGF8KMLON!P�5
? P.QRBAS J ?TBASI? 9UCVK
WXD�CVY[Z]\^5
B J ;(DGBA\_;:D�`
WX5baTcdc�cde
fA@�KMF8YUgihij
kilim j7cdn[Co;:=pCML�q!>rCVDsLOKo6

W<D�CVY[Z]\_tvu
BA\M\_6:DGq_;:=wc�CVDdx
;(DsL�6y@�Biqz6{f}|�~���jA��hihit��ihi� l
*,� $��"�.����
c =y6�P BAKEYp;(D�CE\oZ]9 S:;(D DG6:CV=pS:;:DGL�6(9�6(=p\

Ko6{BAD�=pCV=pY�f����p�s���p���8�����z�
�p�������[�^f�CMq�F�68q_L�D�C J 68F�?
c�F�n�BA=]\_B�Yp6��pQRF�BA\MCV=pY CMq B F8CEDG6{LO\�Ko6{BAD�=pCV=pY
\_6{LOZp=pCo�A�y68�.CE\&F�;{68q�=y;(\ DG6{�A�pCVDG6¡B�9<;8F�6:K¢\_; J 6
Y}CVn�6(=,;(D£Ko68B�D�=y6{F�?�H¤\�CMq"CV=yLODG6:9<6:=p\_B�KMf^DG6{�A�pCVD�CV=pY
;(=pKV`�B L�;(=¥qM\_BA=p\�BA9<;:�p=]\�;(S�L�BAKoL��pKoBA\MCo;:=¦QR6(D"\MCE9�6
q§\_6(Qrf4CV=yF�6:QR6(=¥F�6(=p\1;(S¨\oZ¥6¡=]�p9 J 6(D©;:S Qr;8qzq§C J Ko6
BiLO\MCM;(=¥q_fªQR;8qzq§C J KM6U;(�]\_L�;:9<68q�S�DG;(9«BUY}C¤np6(=¬BiLO\MCo;:=yf
;(DU=p�p9 J 6(D¨;(Swq§\_BA\_68qz?,cd=¥BAKV`]qMCMqBA=yF'q§CV9w�]KoB_\MCM;:=
CE=yF8CML�BA\_6�\MZyBA\¢BiF8npBA=p\_BAY�6��]QRF�BA\oCV=]Y¦CMqB_Q�Q�KECoL�B J Ko6
\_;DG6(CV=pSI;(DGL�6(9�6(=p\¢Ko6{BAD�=pCV=pY,q§`pq§\_6:9�qUP�;(D�®]CV=pY3CV=
L�;:=p\oCV=p�¥;(�yq<\MCE9�6¡¯�;(D�F8Coq_L�DG6:\A6 \MCE9<6�P�CV\MZ�q§9 B_KEK
\MCE9�6�q§\_6:Qrqz°]S:;(D�P�Z�CoL§Z±q§\_BA=¥F�BADsF B_KVYp;:D�CV\MZ]9<q4qM�yLOZ
B}q£²"t³Ko6{BAD�=pCV=pY�BADG6�=y;(\¦BAQ�Q�KECoL�B J Ko68?µ´}CV9w�]KoB_\MCM;:=
Ds6{q§�pKE\_q�BADG6�Q�DG68q_6:=p\_68F¶CV=¥F8CoL�BA\MCV=pY�\MZyBA\�S:;(D�B
q§CE9UQ�KM6 KVCV=y68BAD �A�yBiF�DGBA\MCoL DG6:Y}�pKoBA\_;(D ¯v5
·�¸�°
Q�Ds; J Ko6:9<f¹BiF8npBA=p\_BAYp6º�pQRF�BA\MCV=pY Ko68BAD�=yq»9�;(DG6
�A�pCoLO®ªKV`�\MZyBA=�²"t³Ko6{BAD�=pCV=pY J `�BUS:BiLO\_;(D�;(S l �i�}f¼�i�}�
P�Zy6�=�\MZy6�\MCE9�6�q§\_6:Q3Coq<q§9�BAKVKM?¾½!np6(=�S:;(DXKoBAD�Y�6
\MCE9�6�q§\_6:QRqzfrBiF8npBA=p\_BAY�6��]QRF�BA\oCE=pY¿CMq7=y6�np6(D¿q§Ko;:P�6:D
\MZyBA=À²"t³KI68B�D�=pCV=pYpf�BA=yF¾BiF8npBA=p\_BAYp6��]QRF�BA\oCE=pY�C§q
9<;:DG6�Ds68qMCMqM\_B_=p\�\_;Á=y;:Coq_6Á\MZyBA=ÂCMq,²4tvKo68B�D�=pCV=pYp?
>�;(=pn�6(D�Yp6(=yLz6�Q�DG;:QR6(D�\MCo6{q¬BADG6�F8CMq_LO�¥q_qz68F�? H¤\'C§q
Q�DG;(np6{F�\MZyBA\�\MZy6�Ko68B�D�=pCV=pYÃD��pKo6�S:;(D©BiF8npBA=]\ABAYp6
�]QRF�BA\oCV=]Y¡L�;(=pn�6:DzYp6{q�\_;w\oZy6¨;:Q�\MCE9<B_K�QR;(KVCoLO`&P.CV\MZ
Q�Ds; J B J CEKVCV\M`U;:=y68?
���������!	w�"����&���!�Á���������������
c«Ä������[Å(Æ{Ä�Ç���È¢���p�¨É��z��Äz�p���[�1�!Ä�Æ8ÊiÉ¤��È Coq�BA=

;:Q�\MCE9�BAK
L�;:=p\oDG;:KyQ�Ds; J KM6:9�P�Zy6(DG6�\MZy6wL�;:=p\MDG;(KVKo6(D�C§q
Y}CVn�6(=ËBÌqzL�BAKMBAD�DG6:CV=pS:;:DGL�6(9<6:=p\ÁqMCVY[=¥BAK3¯�;(DÍL�;8qM\
S��p=¥LO\oCo;(=y°yCV=yF8CoL�B�\MCV=]YXZ�;(P¾P�6(KVK�CE\�CMq"QR6(D�S:;(D�9UCV=pYp?
e^Zy6�DG6:CV=pS:;:DGL�6(9<6:=p\¨q§CVY[=¥BAK�CMq B¦S��p=yLO\MCo;(=Ì;:Sw\MZy6
q§\_B_\_63;(S£\MZy6¡q§`pq§\_6:9 J 6(CV=pY�L�;(=]\oDG;:KVKo68FÃBA=yF3\MZy6
L�;:=p\oDG;(KwqMCEY[=¥BAKoq LOZy;{q_6(= J `�\oZy6¦L�;(=p\MDG;(KVKo6(DG?Ìe^Zy6
Yp;{BAK�CMq \_; 9�BAÎ[CE9UCMÏA6 \MZy6 �§Ð(�!�zÇ����z� ��Æ{�Ñ��É
�p��ÒzÇ�Æ{���p���z�¨Ä������[Å:Æ{ÄzÇ���ÈU�z�p�ofªP�ZpCoL§Z¨S:;(D¢L�;:=p\MCV=p�y;(�¥q
\MCE9<6yCMq!F�6:S�CE=y68F"Biq

E γ 
t r ( x 

t 
, u 

t 
) dt

0 

∞ 

∫ 
 
 
  

 
 ¯ l °

P�Zy6(D[6"Ó"¯ ? °�F�6:=y;:\_68q6(Î[QR6{LO\_68F<npB�KV�y68f7BA=yF�P�Zy6(D[6
�[Ô�ÕOÖ l Coq.\MZy6��p��ÒzÇ�Æ{���p�^Å:��Çz�ÑÆ{Ä�P�Z�CoL§Z�F�6:\_6:D�9wCV=¥68q
\MZy6¨Ds6(KoBA\MCVnp6�qMCVY[=pCVS¤CoL�BA=yL�6�;(SX68B�D�KV`1np6(DGqM�yq�KoB_\_6:D
DG6(CV=]S:;(DGL�6(9�6(=p\_?×e^Zy6¬L�;:=p\oDG;:KVKo6(D�Coq¨DG68�A�pCVDG6{F1\_;
Ko6{BAD�=�P�ZpCILOZ¹L�;:=p\oDG;:K¨B}LO\MCo;:=yq'B�DG6 J 68q§\ CV=�68B�LOZ
q§\_B_\_6CV=Í;(DGF�6(D<\_;9�BAÎ[CV9wCMÏ�6\MZy6�6:Î}QR68LO\A68F'\z;:\zB_K
F8CoqzL�;(�]=p\_68F¡DG6:CV=pS:;(DGL�6:9<6(=p\_?«x
;(D¬B�L�;(=p\MCV=p�¥;(�yq_t
\MCE9�6¡q§`pqM\_6:9�f�\MZy6¬L�;:=p\oDG;:K¦qMCEY[=yBAK£CMq±L�;:=yqM\_BA=]\MKV`
LOZyB�=pY}CV=�YÂB}q�\oZ¥6Ìq§\_B_\_6�;(S¡\MZy6Øq§`pq§\_6:9 J 6:CV=pY
L�;:=p\MDG;(KVKM6{F¢LOZyBA=pY�6{q_?�x
;(D�BwF8CMq_L�DG6:\_68tv\MCE9<6"qM`pq§\_6:9�f
\MZy6�L�;(=p\MDG;(KVKo6:D�9U�¥q§\ÙLOZ¥;{;{q_6"B4=y6(P�L�;:=p\oDG;:K.BiLO\MCM;(=
6(n�6(Dz`¬Ú��q_68L�;:=yF�q_?dx7;(D�F8Coq_L�DG6:\A6 \MCV9<68f!\oZ¥6<\z;:\zB_K
F8CoqzL�;(�]=p\_68F�DG6(CV=pSI;(DGL�6:9<6(=p\ DG6{L�6(CVnp6{F,F8��D�CV=pY©;(=y6
\MCV9�6�q§\_6(Q;:S¥F8�pDsBA\oCM;(=�Ûª�]P�Zy6(=£QR6(D�S:;:D�9UCV=pY£BiLO\MCM;(=
� � CV=�qM\_BA\_6rÐ � CMq
F�6:S�CE=y68F�Biq_Ü

R ∆ t 
( x 

t 
, u 

t 
) = γ τ − t r ( x τ , u τ ) d τ 

t 

t + ∆ t 

∫ 
¯ k °

e^Zy67Yp;8BAK^S:;(D�B¢F8CoqzLODs6:\_6{t³\MCV9�6�L�;:=p\MDG;(KVKo6(D�CMq!\_;/S�CV=¥F
BiLO\MCM;(=¥qË\MZ¥BA\Ë9�BAÎ[CE9UCMÏA6×\oZy6 6:Î}QR68LO\A68F \z;:\zB_K
F8Coq_L�;:�p=]\A68F.DG6(CV=]S:;(DGL�6(9<6:=p\_Ü

E γ ∆ t ( ) i R ∆ t 
( x 

i ⋅ ∆ t 
, u 

i ⋅ ∆ t 
) 

i = 0 

∞ 

∑ 
 
 
  

 
¯¤hi°

ebZpCMq�6(Î[Q�DG68q_qMCM;(=�CMq�;:S�\_6(=�P.D�CV\M\A6:=�P�CV\MZ&Ý��¥=y;:\
qMZy;(P�=¨BA=yF�P.CV\oZ Þ7LOZy;{q_6(=¿\_;�CV9wQ�KECoL�CV\MKE`�DG6(S¤Ko6{LO\.ß��If
J �p\dCMq�P�D�CV\o\_6(=Zy6(D[67P.CV\oZ\oZy64à��/qMZy;(P�='6:Î[Q�KVCoL�CV\MKV`
qz;�\MZyBA\46(Î[Q�DG68q_q§Co;(=�¯�hi°�P.CVKVK�D[6{F8�yL�6Ù\_;¢6:Î[Q�DG68q_q§Co;(=
¯ l °iCV=¿\oZy6�KECE9wCV\/B}q
á���Y�;86{q¥\_;�Ï�6(DG;{?4c£�!Æ8É���ÇOâ�f[Ö�¯ Ð�°�f
CMqB�S��p=yLO\MCo;(=3\MZyBA\q§QR68LOCES�CM68qB<QrB�D�\oCMLO�pKMB�D¦BiLO\MCM;(=
S:;(D¨\MZy6'L�;(=p\MDG;(KVKo6:D¨\_;�QR6:D�S:;(D�9ãCV=Ì68B�LOZ¾q§\_BA\z6Ð�?
e^Zy6�ÆÑ�����¤ÈU��Éª�!Æ8É���ÇOâ�f�Ö�ä8¯ Ð�°�f�CMqwB¿QR;(KVCoLO`�qM�yL§Z�\§Z¥BA\
LOZy;{;8qMC¤=]YÍ� �Iå Ö�ä8¯ Ð � °¢Ds68qM�]KV\_q�CV=æ9�BAÎ[CV9UCMÏICE=pYÃ\MZy6\_;:\zBAKdF8Coq_L�;(�]=p\_6{F�DG6(CV=pSI;(DGL�6(9�6(=p\dS:;(DwBA=�`<LOZy;(CoL�6�;(S
qM\_BAD�\MCV=pY qM\_B_\_68? c DG6:CV=pS:;:DGL�6(9<6:=p\«Ko68BAD�=pCV=pY
BAKVYp;:D�CV\MZp9 qMZ¥;(�pKMFÀ9<;8F8CVS�`µ\MZy6æQR;(KVCoLO`µC¤=º\MZy6
L�;(=]\oDG;:KVKo6(D J Biqz68FÀ;(=ã6(Î[Qb6(D�Co6(=yL�6{f&qz;ç\MZ¥BA\,\MZy6
QR;(KVCoLO`è6:np6(=p\M�yBAKVKV`èL�;(=pn�6(D�Yp6{qÌ\_;�\oZy6é;:Q�\MCE9�B_K
QR;(KVCoLO`p? e^Zy6Í\z;:\_BAK©F8CMq_L�;:�p=p\_68FÀDG6:CV=pS:;:DGL�6(9<6:=p\

ê Ä Æ Ç � � � � � � Ò Æ Å � ë � ì � � � Ä � � � � Æ � � É í Æ � Å � Ä � � Ç � Æ � î � � Ä � É î � � ï Æ Ä ð Ò f | D K B = F ; x K ; D C F B f ñ � = 6 l ò ò � ?



DG6{L�6:C¤np6{F J `£qM\_BAD�\MCV=pY4CV= q§\_B_\_6yÐ�BA=yF�S:;(KVKo;:P�CV=pY�\MZy6
;:Q�\MCV9�BAKªQr;(KECoLO`�CMq
L�BAKEKo68F.\MZy6��G��É��p�.;:S¥qM\_BA\_6rÐ�?
cØDG6(CV=]S:;(DGL�6:9<6(=]\Ko6{BAD�=pCV=pY©q§`pq§\_6:9�\M`[Q�CoL�BAKVKV`

�¥q_68q
B4qz6(\
;:S�DG68BAKotvnpBAKV�¥6{F�QRBADsBA9�6(\_6:Dsq¥\_;�qM\_;:DG6�\MZy6
CE=pS:;:D�9�BA\MCo;(=¿\MZ¥BA\dCMq�Ko68B�D�=¥6{F�?�WXZy6(=�B�QrBADGBA9�6:\_6:D
Coqb�]QRF�BA\A68F�F8�pD�CV=]YÙKo68BAD�=pCV=]Y�fA\MZy6�=¥;(\_BA\oCM;(=

W ←   K 
¯³��°

DG6:Q�DG68q_6:=p\_qÍ\MZy6ó;:QR6(DsBA\oCM;(= ;:SÃCE=yq§\_BA=]\_BA=y68;:�yq§KV`
LOZyBA=pY[CV=pY�\oZ¥6�QRB�DsB�9<6:\A6:D7ôØqz;�\MZ¥BA\yCE\_q^=�6(P¡npBAKV�y6
CMq]õ�fAP�Zy6(DG68Biq

W α ←   K 
¯¤j}°

DG6:Q�DG68q_6:=p\_q�\oZy6�;:QR6:DGBA\MCo;:=';(S¥9<;(n[C¤=pYw\oZy6.npBAKV�y6�;:S
ôç\_;(P�BADGF�õ�?7ebZpCoqRCoq
68�A�pCVnpBAKo6:=p\b\_;

W 
new 

←   ( 1 − α ) W 
old 

+ α K 
¯¤g}°

P�Zy6(DG6 \MZy6�Ko68B�D�=pCV=pY�DGBA\_6¨ö¡CMq<B±q§9�BAKEKÙQr;{q§CE\MCVnp6
=p�]9 J 6:DG?

÷¦ø�ù �������������
|�=y6 QR;:Q��pKoBAD DG6:CV=pS:;(DsL�6(9<6:=p\ Ko6{BAD�=pCV=pY

BAKVYp;:D�CV\MZ]9 CMq ²4tvKo6{BAD�=pCV=pY ¯³W�BA\M®�CV=¥q_f liú}miú f
W�BA\M®ªCE=¥q�BA=yFUû�BA`�BA=yf l}úiúik °¤?¨c�L�;(=p\MDG;(KVKo6:D"�yqMCV=pY
²4tvKo68B�D�=pCV=pYÃ9w�yq§\1qM\_;:DG6�B�=p�p9 J 6(D�L�BAKVKo68FÍB,²
�G��É��p�yS(;(DÙ6{B�LOZ¿QR;8qzq§C J KM6�BiL�\oCM;(=¿CV= 6{BiLOZ q§\_B_\_68?�x
;(D
B'Y[C¤np6�=Øq§\zBA\z6Ð�BA=yF�BiLO\MCo;(=¾�bf�\MZy6¡;:Q�\MCE9<B_K²
npB�KV�y68f�²4ü8¯ Ð�fý�^°�f]CMq.\oZy6£6:Î}QR68LO\A68F£\z;:\_BAK�F8CoqzL�;(�]=p\_68F
DG6:CV=pS:;(DsL�6(9<6:=p\X\MZ¥BA\<Coq�DG6{L�6(CVnp6{F J `ÍqM\_BAD�\MCV=pY,CV=
q§\_B_\_6�Ð�f�QR6(D�SI;(D�9UCV=pY�BiLO\MCo;:=,��;�=�\MZy6�S¤CVDGq§\¢\MCE9�6
q§\_6(Qrf \oZy6(= QR6(D�S:;(D�9UCV=pY ;:Q�\MCE9�BAK BiL�\MCo;:=¥q
\MZy6:DG6{BAS�\_6(DG?�e^Zy679�BAÎ[CV9w�]9æ²�npB�KV�¥6.C¤='B¢q§\_B_\_6/C§q
\MZy6�npBAKV�y6 ;:S�\MZyB_\¿q§\_BA\_68?¬ebZy6XBiL�\oCM;(=�B}qzq_;�LOCMBA\z68F
P.CV\oZ�\MZy6�9�BAÎ[CV9w�]9º²¶npB�KV�¥6�CV=�B±q§\zBA\z6�CMq£\MZy6
QR;:KVCoLO`¿S:;(DÙ\MZyBA\4q§\_BA\_68?&H¤=]CV\MCoBAKEKV`pfRB_KVKd²�n�BAKE�y68q"BADG6
qz6:\�\_;¢BAD J CE\oDsB�D�`�=]�p9 J 6(DGqz? û��pD�C¤=pY�Ko6{BAD�=pC¤=]Y�f^BA=
BiLO\MCo;:='�¨CMq�QR6:D�S:;:D�9<68FUC¤=¡q§\_B_\_6�Ð�f�DG6{qM�]KV\oCV=]Y�CV=¬B
\MDsBA=yq§CV\MCo;:= \_; q§\zBA\z6×Ð�þ fÿBA=yF B DG6{L�6(CVQ�\ ;:S
DG6:CV=pS:;(DsL�6(9<6:=p\�����¯ Ð�f �^°�?«e^Zy6'²Ân�BAKV�y6&CMq¨\oZy6:=
�]QRF�BA\_68F�Ü
Q ( x , u ) α ←   R 

∆ t 
( x , u ) + γ ∆ t max 

u 
Q ( x ' , u ) 

¯¤�}°
H¤Sb\MZy6�²3n�BAKE�y68q�BADG64q§\_;(Ds6{F�C¤=�BÙKo;8;(®ª�pQ£\_B J KM68f

\MZy6(=��]QRF�BA\_6�¯��i°yCMq4n�6(Dz`±68BiqM`X\_;�CV9wQ�KM6(9�6:=p\_?�HVS
\MZy6¡²»npBAKV�¥6{q1BADG63DG6:Q�DG6{qz6(=]\A68F J `¶B,S¤�p=yLO\oCo;:=
BAQ�Q�DG;:Î[CV9�BA\MCo;:=Ëq§`pqM\_6:9�fXqo�yLOZ»Biq�Bç9U�]KV\MCEKoBA`p6:D
QR6(DGL�6:Q�\oDG;(=�=y6(\MP�;(D�®^f�\oZy6:=Í\MZy6¦=y6:\oP�;(D�®çP�;:�pKoF
\_BA®b6yÐ�B�=¥F��&B}q�CV=pQ��]\AqzfiP�;(�pKoF�Y[C¤np6�²4¯ Ð�fý�b°yB}q�BA=
;:�p\oQ��]\Af�B�=¥F'P�;(�pKoF'�yqz6�\oZy6'6:Î[Q�DG6{qzqMCo;:=¾;�=ç\MZy6
D�CVY}Zp\XqMCMF�6¦;(S�\MZy6�BADzDG;(PÀCV=Í¯��i°"BiqU\MZy6��MF�68q§CVDs68F
;:�p\MQ��]\��7S:;(D¢\MZy6U=y6:\oP�;(D�®,F{�pD�CV=�Y¦\MDGBACV=pCV=pYp?Áe^Zy6
QrBADGBA9�6(\_6:D��¿P�;(�pKoF J 6�\oZ¥6�Ko68B�D�=pCV=pY¿DsB�\_6�S:;(DÙ\MZy6
=y6(\MP�;(D�®^?'H¤=¨\MZpCMq�L�Biq_68fªCV\�CMq.=y;(\�; J n[Co;:�yq.Z�;(Pç\_;
S�CE=yF�\MZy6.9�BAÎ[CV9w�]9�²,npBAKV�y6�DG68�A�pCVDG6{F�S:;(DÙ�pQrF�BA\_6
¯¤�i°�?4|�=¥6�BAKEY�;:D�CV\MZ]9Ã\MZyBA\
F�;{68qb\MZpCMqbCoq/F�68q_L�D�C J 68F�CV=

@�B_CVDGF¨¯ liúiú}k °�?�c�=y;(\MZy6(DU9�6(\MZy;8F�f
	��ÑÄ��ÙÅ:���������[�bfRC§q
F�68q_L�D�C J 68F CV= @�BACEDGF BA=yF ��Ko;:Q�S ¯ liú}ú h J °¤?
¸�6:CV=pSI;(DGL�6:9<6:=p\ãKo6{BAD�=pCV=pY q§`pq§\_6:9�q J Biqz68F ;�=
F8CoqzLODG6:\_6�²4tvKo6{BAD�=pCV=pY'BADG6£F�68q_L�D�C J 68F¿C¤=&@�BACEDGF¨BA=¥F
��KM;(Q�S�¯ liú}ú hiBi°¤f^BA=yF��.Ko;(Q�S:f�&;(D�Y�B�=yf¥BA=yF¿W�68B�np6:D
¯ liú}ú hi°¤?
²4tvKo6{BAD�=pCV=pY DG68�A�pCVDG68q Ds6(KoBA\MCVnp6:KV` KECV\§\MKM6

L�;:9wQ��p\_BA\MCo;:=¹Qb6(D��]QRF�BA\_6{f J �]\±CV\�Coq��¥q_6(S��]K�\_;
L�;:=yqMCoF�6(DZ�;(P¶\MZy6¿=p�p9 J 6(D¦;(S4�]QRF�BA\_68q¢DG68�A�pCVDG68F
qzL�B_Ko68q�P�CV\MZ�=y;:Coqz64;(D�P.CV\oZ�\MZy6�F8�pDsB�\MCo;:=';(S/BÙ\MCE9�6
qM\_6:QRf��ª�I?ºc�=æCV9wQR;:D�\_BA=]\1L�;:=yqMCMF�6(DsBA\oCM;(=ÌCoq¦\MZy6
DG6:KoB_\oCM;:=yq§ZpCVQ J 6:\oP�6{6:=À²ãnpBAKV�¥6{q'S:;(D�\MZy6�qzB_9�6
q§\_BA\_68f BA=yF J 6:\oP�6{6:=»² npBAKV�y68q,S:;(D�\oZ¥6ØqzB_9�6
BiLO\MCo;(=y? ebZy6Í² n�BAKE�y68qÃ²4¯ Ð�fý���M°¬BA=yFÀ²4¯ Ð�fý���A°
DG6:Q�DG6{q_6:=p\/\MZy6�Ko;(=pYptv\_6:D�9�DG6:CV=pS:;(DsL�6(9<6:=p\�DG68L�6(CVn�68F
P�Z�6(=±q§\_BAD�\MCV=]Y¿CV=±q§\_B_\_6
Ð B�=¥FUQR6(D�S:;(D�9UCV=pY¦BiLO\MCM;(=
���¾;(D�����DG6{q§QR6{LO\MCVn�6:KV`pf�S:;:KVKo;:P�68F J `è;:Q�\MCE9�B_K
BiLO\MCM;(=¥q�\MZy6:DG6{BAS�\_6(DG?�H�=©B�\M`[Q�CoL�BAK�DG6:CV=pS:;:DGL�6(9<6:=p\
Ko6{BAD�=pCV=pY�Q�DG; J Ko6:9 P.CV\oZÀL�;(=p\MCV=p�y;(�¥q3q§\_B_\_6�q±BA=¥F
BiLO\MCo;:=yqzf«CE\ CMq S�DG68���¥6(=p\MKV` \MZy6 L�Biqz6 \§Z¥BA\
QR6(D�S:;:D�9UCV=pY£;(=y6�P�DG;(=�Y£BiLO\MCo;(=¿CV= B.Ko;(=pY qz6{�A�y6:=yL�6
;(S4;:Q�\§CV9�B_K�BiLO\MCM;(=¥q�P�CEKVK!ZyB�np6�KECE\M\MKM6�6:S�S:68LO\£;(=�\MZy6
\_;(\_BAKªDG6:CV=pSI;(DGL�6(9<6:=p\_?UH¤= qM�yL§Z¨B�L�Biq_68f[²4¯ Ð�fý���M°rBA=¥F
²4¯ Ð�fý���A°GP�CVKVKªZ¥B�np6�Ds6(KoBA\MCVnp6(KV`ULOKo;{qz6�npB�KE�y6{qz?�|d=£\MZy6
;(\MZy6(DÁZyB�=yF�f¿\MZy6ÁnpBAKV�y68q�;:S±P�CoF�6:KV`Âqz6:QRBADsB_\_68F
q§\_B_\_6�q�P.CVKVK!\M`[Q�CoL�BAKEKV`�=y;:\ J 6£LOKM;{q_64\A;¿6{B�LOZ�;(\MZy6(DG?
e^Zy6:DG6(S:;(DG6!²4¯ Ð��Mfý�b°pB�=yF�²4¯ Ð��_fý�b°[9<BA`¢F8CVS¤S:6(D
Y[DG6{BA\MKV`
S:;(Dwqz;:9�6�LOZy;:CoL�6{q4;(SbÐ��.BA=yF�Ð��_?<ebZy6(DG6(S:;(DG6{f�CVS�\MZy6
=y6(\MP�;(D�®¶DG6(Q�DG68q_6(=]\oCV=pY�\MZy6,²èS��p=yLO\MCo;(= 9�BA®b6�q
6(np6:=<qM9<BAKVK^6(D�DG;:DGq_fA\oZy6yQR;(KVCoLO`UF�6(D�CVnp68F�S�DG;:9�CE\¥P.CVKEK
ZyBAn�67KoBAD�Yp646(D�DG;(DGq_?�c�q�\oZy6
\MCE9<6Ùq§\_6:Q F8�]DGBA\MCo;(=����
BAQ�Q�Ds;{BiLOZ¥6{q¬Ï�6:D[;8fU\MZy61QR6(=¥BAKV\M`�S:;(D�;:=�61P�DG;�=pY
BiLO\MCo;:=¿C¤=¨B�qz6{�A�y6:=yL�64F�6{LODs6{Biqz6{q_fs\oZy6.²¡npBAKV�y68qdS:;:D
F8CVS¤S:6(Ds6(=p\�BiL�\MCo;:=yq!CV='BÙY}C¤np6(=�q§\_B_\_6 J 68L�;:9<6�L�Ko;{q_6:DGf
BA=yFæ\MZy6çCE9UQ�KVCM68FæQR;:KVCoLO` J 68L�;(9�68qÌ6(n�6(=»9<;:DG6
qz6(=¥qMCE\MCVnp61\_;1=y;:Coq_6ç;(D,S¤�p=yLO\oCo;(=»BAQ�Q�DG;:Î[CE9<BA\MCM;(=
6(D�D[;(DG?¡H�=¦\MZy6ÙKECV9wCV\_f�S:;(DL�;:=p\oCV=p�¥;(�yq�\MCE9<68f�\MZy6�²
S��p=yLO\MCo;(= L�;(=]\_B�CE=yq�=y;ÍCV=]S:;:D�9�BA\oCM;(=èB J ;(�]\©\MZy6
QR;(KVCoLO`p? e^Zy6:D[6:S:;(DG6{fé²4tvKo6{BAD�=pCV=pY P�;(�pKoF J 6
6(Î[QR68LO\A68F¨\_;�Ko68BAD�=ÍqMKo;:P�KV`�P�Zy6�=�\MZy6�\MCE9�6�qO\_6IQrq
BADG6£;(S"q§Zy;(D�\UF8�pDGBA\MCo;(=yf�F8�y6�\_;�\oZ¥6 qz6(=¥qMCE\MCVn[CE\o`<\_;
6(D�DG;(DGq_f�BA=yFÂCE\ÌCMq¾CE=yL�BAQRB J KM6Â;(S©Ko68B�D�=pCV=pY«CV=
L�;:=p\MCV=]�y;(�¥qb\MCV9<68?7e^Z]CoqbQ�Ds; J Ko6:9ÃCoqR=y;(\
B.Q�DG;(QR6(D�\M`
;(S B�=p` QRBAD�\MCoLO�]KoBAD S��p=yLO\oCo;(= BAQ�Q�DG;:Î[CE9<BA\MCM;(=
qM`pqM\_6:9<�ADGBA\MZy6:DGfACV\yCMq¥CV=pZ¥6(DG6(=p\yCV=£\MZy6�F�6:S�CV=]CV\MCo;:=¨;(S
²&n�BAKV�¥6{q_?
* +.- �����.����� 0 2 + ���"�(���
¸�6:CV=pSI;(DGL�6:9<6:=p\4Ko6{BAD�=pCV=pYXC¤=,L�;:=p\MCV=p�y;(�yqÙ\MCE9�6

CMq¶Qr;8q_q§C J KM6�\oZpD[;(�pY}Z \oZy6 �yqz6»;(S¹���p�G�����Ñ�{�p�
�z�!���������[�b?/ebZy6.B�F8npBA=p\_BAY�6y�pQRF�BA\MCV=pYUB�KVYp;:D�CV\MZp9©C§q
B¡DG6:CV=pS:;:DGL�6(9<6:=p\ Ko6{BAD�=pCV=pY¾BAKVYp;:D�CV\MZp9 CV=æP�Z�CoL§Z
\MP�;"\M`[QR6{qw;:S/CE=pS:;:D�9�BA\MCo;(=�BADG6 q§\A;:DG68F�?1x7;:DX68B�LOZ



q§\_B_\_6�Ð�f�\MZy6¿n�BAKV�y6��/¯ Ð�°�CMq<qM\_;(Ds6{F�fdDG6:Q�DG6{q_6:=p\MCV=pY
\MZy6æ\_;:\zBAK�F�Coq_L�;:�p=]\A68F DG6(\o�pDz= 6(Î[QR68LO\A68FóP�Zy6(=
q§\_BAD�\MCV=]Y�CV=�q§\zBA\z6¬Ð»BA=yFæQR6:D�S:;(D�9UCV=pYé;:Q�\MCE9�B_K
BiLO\MCM;(=¥q_?µx7;(D�6{BiL§Z¶q§\_B_\_6 Ð�BA=yF�BiLO\MCo;(=¾�bf�\MZy6
���p�G���p���{�p�����"¯ Ð�fý�b°Ñf/CMq&q§\A;:DG68F�f/DG6(Q�DG68q_6(=]\oCV=pY1\MZy6
F�6(Y[D[686U\A;¿P�ZpCoL§Z�\MZy6¨6(Î[QR6{LO\_6{FX\_;:\_B_KwF8CoqzL�;(�]=p\_68F
DG6:CV=pS:;(DsL�6(9<6:=p\yCMq¥CV=yL�DG6{Biq_68F J `�QR6(D�S:;(D�9UCV=pY�BiL�\MCo;:=
� ¯³S:;:KVKo;:P�68F J ` ;:Q�\MCE9�BAKóBiLO\MCM;(=¥qó\MZy6:DG68BAS�\_6(Ds°
Ds6(KoBA\MCVnp6/\A;/\oZ¥6�BiLO\MCo;(='LO�pD�DG6(=p\oKV`<L�;(=¥qMCoF�6(Ds6{F J 68q§\_?
c�S¤\_6(DéLz;(=pn�6(D�Y�6(=yL�6¶\_;Â;(Q�\MCV9�BAKECV\M`pf±\MZy6ÀnpBAKV�y6
S��p=yLO\MCo;(=��/ü{¯ Ð�°�DG6:Q�DG68q_6:=p\_qd\MZy6
\oD��y67npBAKV�y64;(S!6{BiLOZ
q§\_BA\_68?�e^Zy6<BiF8npBA=p\_BAYp6US��p=yLO\MCo;(= �"ü{¯ Ð�fý�b°!P.CVKEK J 6
ÏA6(DG;�CVSr��Coqb\MZy6�;:Q�\MCE9�BAKyBiLO\MCo;:=¨¯ J 68L�BA�¥q_67�<L�;(=pS:6:DGq
=y;�BiF�n�BA=]\ABAYp6/DG6:KoBA\MCVnp6�\A;�CE\_qz6:KVSI°�BA=yF��"ü8¯ Ð�fý�b°�P.CVKEK
J 6X=y6:Y�BA\MCVn�6XS:;(D¡B�=p`Íq§� J ;:Q�\MCV9�B_K�Ø¯ J 68L�BA�yqz6¡B
q§� J ;:Q�\MCE9<B_K±BiLO\MCo;(=¹ZyBiq,B�=y6:YpB�\MCVnp6ÍBiF8npBA=]\ABAYp6
Ds6(KoBA\MCVnp6�\_;�\MZy6 J 6�qM\�B�L�\oCo;:=y°�? x
;(DB�Y[C¤np6�=¡BiL�\MCo;:=
�bf�\oZy6Ù²�npB�KV�¥6�²4ü{¯ Ð�fý�b°RDG6(Q�DG6{qz6(=]\_q�\oZ¥6Ù�p\MCEKVCV\M`¦;:S
\MZ¥BA\ BiLO\oCM;(=yf�BA=yF \oZy6 BiF�n�BA=]\ABAYp6 �"ü8¯ Ð�fý�b°
DG6:Q�DG68q_6:=p\_qÙ\oZy6��p\MCEKVCV\M`�;(S.\MZyBA\¢BiLO\MCo;(=3Ä��zÉ��������G��\_;
\MZy6©;:Q�\MCE9�BAK±BiLO\MCo;(=y? e^Zy6©;:Q�\MCE9�BAK±BiF8npBA=]\ABAYp6
S��p=yLO\MCo;(=!�"ü,L�B�= J 6ÁF�6(S¤CV=y68F�CV=¶\_6:D�9<q¬;:S \MZy6
;:Q�\MCV9<BAKªnpBAKV�¥6�S��]=yLO\MCo;:="�/ü8Ü
A * ( x , u ) = 

1 

∆ t 
R ∆ t ( x , u ) − V * ( x ) + γ 
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Information 
stored for
state x , 
action  u 

Update rules Bellman equation Direct Converge

to  * 
Cont. 
time

Q -learning Q ( x , u )       yes yes no

Value iteration V ( x )         no yes yes 

Advantage 

  

updating
V ( x ) 

  

A ( x , u ) 

  

  
For a randomly, uniformly chosen action:

  

  

yes yes yes 

Q 
α ←   R + γ ∆ t max ′ Q Q = E R + γ ∆ t max ′ Q [ ] 

V α ←   R + γ ∆ t max ′ V V = E R + γ ∆ t max ′ V [ ] 
A α ←   A 

ref 
+ ( R + γ ∆ t ′ V − V ) ∆ t 

V 
β ←   V + ∆ A 

ref 
α 

A 
ω ←   A − A 

ref 

V = E R + γ ∆ t ′ V [ ] − A ∆ t 

A 
ref 
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k 1 = 
1 − γ ∆ t 

∆ t 

 

 
 

 

 
 

2 γ ∆ t − 2 ∆ t ln γ − 2 − ( 1 − γ ∆ t ) ln 2 γ + ( 2 + ln 2 γ ) 2 ( 1 − γ ∆ t ) 2 − 4 ∆ t 2 γ ∆ t ln2 γ 

2 − 2 γ 2 ∆ t + 4 ∆ t γ ∆ t ln γ + ( 1 − γ 2 ∆ t ) ln2 γ + ( 1 − γ ∆ t ) ( 2 + ln 2 γ ) 2 ( 1 − γ ∆ t ) 2 − 4 ∆ t 2 γ ∆ t ln2 γ 

¯ k ��°

k 2 = 
( 2 + ln2 γ ) ( 1 − γ ∆ t ) 2 − 2 ∆ t 2 γ ∆ t ln 2 γ − ( 1 − γ ∆ t ) ( 2 + ln 2 γ ) 2 ( 1 − γ ∆ t ) 2 − 4 ∆ t 2 γ ∆ t ln 2 γ 

2 ∆ t 2 γ ∆ t ln 3 γ 

¯ k ji°



k 3 = 
( 2 + ln2 γ ) ( γ 2 ∆ t − 1 ) − 4 ∆ t γ ∆ t ln γ − ( 1 − γ ∆ t ) ( 2 + ln 2 γ ) 2 ( 1 − γ ∆ t ) 2 − 4 ∆ t 2 γ ∆ t ln 2 γ 

2 ∆ t γ ln 3 γ 

¯ k gi°


