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ABSTRACT

A new algorithmfor reinforcementiearning,advantageupdating is proposed. Advantageupdatingis a
directlearningtechniquejt doesnot requirea modelto be givenor learned. It is incrementalyequiringonly a
constantamountof calculationper time step,independenbf the numberof possibleactions,possibleoutcomes
from a givenaction,or numberof states. Analysisandsimulationindicatethat advantageipdatingis applicable
to reinforcementearningsystemsworking in continuougtime (or discretetime with smalltime steps)for which
Q-learning is not applicable. Simulation results are presentedindicating that for a simple linear quadratic
regulator(LQR) problemwith no noiseand large time steps,advantagaupdatinglearnsslightly fasterthan Q-
learning. Whenthereis noiseor smalltime steps,advantagaipdatinglearnsmore quickly than Q-learningby a
factor of more than 100,000. Convergencepropertiesand implementationissues are discussed. New
convergenceesultsare presentedor R-learningand algorithmsbaseduponchangen value. It is provedthat

the learning rule for advantage updating converges to the optimal policy with probability one.
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1. INTRODUCTION

This paperprovidesan overview of reinforcementlearning, proposesa new algorithm for reinforcement
learning in continuous time, and gives simulation resi8esction2 providesbackgroundnformationon Markov
processesyariousreinforcementearningalgorithms,andthe notationusedthroughoutthis paper. This section
can be skippedby readersfamiliar with reinforcementiearning. Section3 proposesthe advantageupdating
algorithm, both for discretetime, andin the limit for continuoustime. Section4 presentghe linear quadratic
regulator(LQR) problemthatwasusedasa testbedor comparingadvantageipdatingto Q-learning. Section5
analyzesvhy advantageipdatingwould be expectedo learnmore quickly than Q-learning,andsection6 gives
simulationresultsconsistentwith this analysis. Section7 discussesonvergenceof advantageupdating,and

section 8 discusses implementation issues.



2. REINFORCEMENT LEARNING SYSTEMS

A reinforcementearningsystemtypically usesa set of real-valuedparameterdo storethe informationthatis

learned. When a parameter is updated during learning, the notation:

w OOk (1)

represents the operation of instantaneously changing the par&vssehat its new value s, whereas:

w 10K (2)

represents the operation of moving the valu&/aébwardK. This is equivalent to:

Wnew (_DD (l -a )Wold ta K (3)

where the learning rate o is a small positive number. Appendix A summarizesthis and other notation

conventions.

A Markov sequentialdecisionprocess(MDP) is a systemthat changests stateasa function of its current
stateandinputsreceivedfrom a controller. The setof possiblestatesfor a given MDP, andthe setof possible
actionsfrom which the controllercanchoose mayeachbe finite or infinite. At timet, the controllerchoosesan
actionu, baseduponthe stateof the MDP, x;. The MDP thentransitionsto a new statexi+at whereAt is the
durationof atime step. The statetransitionmay be stochasticbut the probability P(ut,xt,Xt+t) Of transitioning
from statex; to statexi+at afterperformingactionu is a function of only x, Xi+at andu, andis not affectedby
previous statesor actions. If there are a finite set of possiblestatesand actions, then P(ut,x,Xt+At) IS @
probability. If thereare a continuumof possiblestatesor actions,then P(ut,x,Xt+at) iS a probability density
function (PDF). If time is continuousratherthandiscrete thenP(ut,x;, xt) is the probability that action ut will
causethe rate of changeof the stateto be xt. The MDP also sendsthe controller a scalarvalue known as
reinforcement If time is discrete thenthe total reinforcementeceivedby the controller during time stept is

Rat(Xt,ut). If time is continuous, then the rate of flow of reinforcement at tisig(xt,ut).



A reinforcementearning problem is the problemof determiningwhich actionis bestin eachstatein order
to maximize somefunction of the reinforcement. The most commonreinforcementlearning problemis the
problem of finding actions that maximize tiepectedotal discountedeinforcementwhich for continuougime

is defined as:
<Iv‘r(xt,ut)dt> (4)

where <-> denotesexpectedvalue, and where O<y_1 is the discountfactor which determinesthe relative
significanceof earlierversuslater reinforcement. For discretetime, the total discountedeinforcementeceived

during one time step of duratiam when performing action in statex; is defined as:

R, (X,U) = Iy"‘r(xr,ur)dT (5)

The goal for a discrete-timecontroller is to find actions that maximize the expectedtotal discounted

reinforcement:
<Z (y - )i RAI(XiD\t’uimt )> (6)

This expressions often written with At not shownandwith y chosento implicitly reflect At, but is written
herewith the At shownexplicitly so that expression(6) will reduceto expressior(4) in the limit asAt goesto
zero. A policy, _(X), is a functionthat specifiesa particularactionfor the controllerto performin eachstatex.
The optimal policy for a given MDP, _*(X), is a policy suchthat choosingu=_"(x;) resultsin maximizingthe
total discountedreinforcementor any choiceof startingstate. If reinforcements boundedthenat leastone
optimal policy is guaranteedo exist. Thevalueof a state,V*(x), is the expectedotal discountedeinforcement
receivedwhenstartingin statex and choosingall actionsin accordancevith an optimal policy. The functions
stored in a learning system at a given time are represented by variables without superscripts Suéh asQ,,
The true, optimal functions that areingapproximatedirerepresentetdy * superscriptssuchas_*, V*, A*, or

Q.



Expression(6) is the mostcommonperformanceneasurdor defining a reinforcementearningproblem,but
it is not the only conceivablemeasure. For example,Sutton (1990b) and othershave considereda different
performancemeasurewhich Schwartz(1993)calls T-optimality. For this performanceneasurethe problemis

to find a policy that maximizes the average reinforcempentich is defined as:

n-1

z <RA1(Ximt ’uimt)>

o = lim =2 (7)
n- e n

A policy thatmaximizesp is alwaysdefinedto be betterthana policy thatdoesnot maximizep. If two policies
both maximizep, thenthe betterpolicy is definedto bethe onewith the largeraverageadjustedvaluec, which

is defined as:

n-1m-1

z z <RA1(X|mt’u|mt) - p>

g = lim m=0i=0 (8)
n-e n

A policy is saidto be T-optimalif it maximizesp andhasthe largestc of all the policiesthat maximizep.
This meansthat a learningsystemusing this performancaneasurewill first try to maximizethe averageof all
future reinforcements. If there are severalpolicies that all maximize the averagereinforcementthen it will
choosethe policy thatalsomaximizesnear-ternreinforcement. T-optimal policiesdo not alwaysexistfor every
MDP. If T-optimalpoliciesdo existfor a given MDP, they mayall be nonstationaryso that the optimal action
in a given statemay not be a deterministicfunction of the statealone (Ross,1983). If stationaryT-optimal
policiesexist, it is not clearhow to learnthem. A reinforcementearning systems a systemthat is capableof
solving reinforcementearningproblems. Onereinforcementearningsystemfor finding T-optimal policies has
beenproposedyy Schwartz(1993). The algorithmrequiresthatan R valuebe storedfor eachstate-actiompair,
andthata globalscalarp bestored. R valuesarerepresentethereby scriptletters(R) to distinguishthemfrom
reinforcemen{R). Theupdaterulesfor R-learningare asfollows, wherethe learningsystemperformsactionu

in statex, resulting in reinforcemem and a transition to stake



R(x,u) FAOR, (xu) -p + max R(x ,u) (9)

If the action performed follows the current policy (i.e. U = argmaxf{( X,U)) then:
’ 10
p L0 Rm(x,u)+maxﬂ{‘(x',u')—maxﬂ(x,u') (10)

It is not clear whetherR-learningwill alwayscausethe R valuesto converge. Even when R-learning does
converge, and a stationaFyoptimal policy doesexist, it is still possiblefor R-learningto convergeto thewrong
answer. Figure 1 showsone examplewhere R-learning has converged,but the final R valueserroneously
indicate that all possible policies are equally good. This MDP has the property that any policy under
consideration has a singieragaewardindependenof theinitial state. It might be expectedhatthis property
would ensurethat wheneverR-learningconvergest mustarrive at a T-optimal policy, but thatis not the case.
R-learningis a recentdevelopmentandit is possiblethat future versionsof R-learningwill avoid this difficulty.
The useof undiscountegerformanceneasured reinforcementearningis animportantquestionanddeserves
further researchbut dueto the currentdifficulties with usingthe T-optimality performancemeasurejt will not
be consideredurther here. The following discussionsandresultsall pertainto the problemof maximizingthe

standard performance measure (expected discounted reinforcement) given in expression (6).



A B 10 20
10 B 10
1 ( 2 {
10 A 20
(@) (b)

Figure 1. Counterexample fBrlearning

A deterministicMDP is with two statesand two actionsis given for which R-learning
converges, but does not learn to distinguish the T-optimal policy from nonoptimal policies.
T-optimal is the undiscountedperformancemeasuredefined by Schwartz (1993).
Diagram (a) shows theamesof the stateq1 and2) andactions(A andB). It alsoshows
the immediatereinforcementeceivedwhenperformingeachactionin eachstate(-10, O,
and 10). Diagram(b) showsthe initial R valuesbefore learning starts. Initially, p=0,
which is correctbecausall possiblepoliciesyield an averagaeinforcemenbf zerowhen
starting in any state. ThMDP hasthe propertythatanypolicy underconsideratiorhasa
single averagereward independenof the initial state. It might be expectedthat this
propertywould ensurethat wheneverR-learningconvergest mustarrive at a T-optimal
policy, butthatis not the case. The T-optimal policy is to chooseactionA in both states.
The worst possiblepolicy is to chooseaction B in both states. The initial R values
erroneouslyindicatethat all possiblepoliciesare equallygood. Repeatedpplicationsof
theR-learning updateulesresultin no changedo p or to anyof the R values. Therefore,
R-learningwill never discoverthat the policy of alwayschoosingA is better than the

policy of always choosinB.

Oneof the earliestmethoddor finding policiesthat maximizeexpressior(6) is the algorithmknownasvalue

iteration (or simply calledthe dynamicprogrammingalgorithm by Bertsekas, 1987). Value iterationis an



algorithmfor finding the optimal policy _*, giventhe transitionprobabilitiesP andthe reinforcemenfunctionR.
Value iterationstoresa valueV(x) for eachstatex. Thevaluesareinitialized to arbitrarynumbersandthenare

updated repeatedly according to the update rule:

V(x) &0 muaxggt(x,uh vy Puxx )V(x')E (11)

If this procedurds performedinfinitely oftenin everystate,theneachvalueV(x) is guaranteedo converge

to the optimal valu&(x). For a given MDP, the functiov'(x) is the unique solution to the Bellman equation:

V(X) = muaxgit(x,uh vy Pluxx )V(x')E (12)

After convergence, the optimal policy is implied by the value function, and can be found quickly:

m (X) = argmaxy P(u,x X )[R, (x,u) + vV ()] (13)

Simple value iteration is not well suited, however, for reinforcement learnopgnieral. First, it requiresthat
the probabilitiesand reinforcementfunction to be known. If they are not known, then a separatdearning
proceduremust estimatethem. If thereare n possiblestatesand m possibleactions,the algorithm requires
O(nm) calculationsto performa singleupdate. If thereis a continuumof possiblestatesand actions,thenthe
summatiorbecomesan integral,andthe maximizationis performedoveraninfinite setof integrals. If eachstate
and action is a high-dimensionalvector, then an approximationto update(11) will typically require O(nm)

calculations, whera andm each scale exponentially with the dimension.

The scalingproblemsof valueiterationcanbe addressedyy moreincrementalalgorithmsthat requirefewer
calculationgerupdate. Suchalgorithmstypically storemoreinformationthanjust the V(x) thatis storedduring
learningfor valueiteration. For example analgorithmmight storeboth an estimateof the optimal valueof each
state, V(x), and an estimateof the optimal action for each state, (x). There are various incremental,
asynchronouslgorithmsfor learningwith sucha system. Unfortunately thesetypically requirethat _(x) change
instantaneouslyguring an update which maynot be possibleif _(x) is storedin a generalfunction approximation

systemsuch as a neural network. Function approximationsystemstypically changegradually rather than



instantaneously. Also, these algorithms are not guaranteed to converge, even when there are only a finite nul

of states and actions (Williams and Baird, 1990, 1993).

For systemswith a continuumof statesand actions, differential dynamic programming (Jacobsonand
Mayne,1970)avoidsthe needto instantaneouslghangethe policy. This algorithmis typically usedto find an
optimal trajectory from a single starting state to a single final state. A pofyrid (by someothermeansy}hat
leadsfrom the start stateto the final state. The value function is then calculatedfor the statesalong the
trajectory. The updaterule for differential dynamicprogrammingthen causesncrementalkchangesn the value
andpolicy functionsothatthetrajectoryis slowly changedo increasehe total reinforcement. This algorithmis
similar to thebackpropagation through timagorithm (Nguyen and Widrow 1990), which first learma@delof
the systembeing controlled,thenimprovesthe policy throughgradientdescent. Unfortunately,both of these
algorithms are susceptibleto local optima; the final policy will be such that it cannotbe improved by an

infinitesimal change, but there may be an entirely different policy that is much better.

Instead of storing a value aagolicy, alearningsystemcouldinsteadstorea valueV(x) for eachstateanda
changein value AV(x,u) for eachstate-actiorpair. The changein value AV(x,u) would representhe expected
differencebetweerthe valueof statex andthe valueof the statereachedy performingactionu in statex. This
allows a more incrementalalgorithm than value iteration, becauset is possibleto avoid summingover all
possible outcomes fargivenactionin a givenstate,andit is no longernecessaryo know a modelof the MDP.
After performingaction u in statex causinga transitionto statex’, the changein value could be updated

according to update (14):

AV(x,u) HOR (x,u)+ y*'V(X) - V(X) (14)

After performingupdate(14), if AV(x,u) is the maximumAYV in statex, (i.e. actionu is the currentpolicy), then

update (15) should also be performed:
V(x) 0 R+ y*'V(X) (15)

Theideaof storingboththe valuefunctionandthe changen value(or rate of changeof value)wasfoundto be

usefulin oneapplicationby White and Sofge(1990,1992),who incorporatedhis ideainto a largersystemthat



alsoincludeda storedpolicy. However,the obviousalgorithmfor updatingsuchstoredfunctions,updateg14)
and (15), is not guaranteedo converge,evenfor a simple, deterministicMDP with only eight states,two
actions,andtime stepAt=1. Figure2 showsan examplefor which this algorithmdoesnot converge. For this
MDP, the optimal policy is action A in everystate. The worst policy is B wheneverpossible. The initial AV
function implies that the worst policy is considered to be optimal ble#neingsystem. Thus,not only doesthe
learning system fail to converge to the optimal policglsoperiodicallyimpliesthe worst possiblepolicy. Also,
the parameter values shown in Figure 2 constitute an attractor; if the initial parameter vathasgeeslightly,
thenafter eachsequencef updateghey will movetowardthe parametewraluesin Figure2. Updates(14) and
(15) changethe parametersnstantaneously.lf therewere an o abovethe arrow, to represents more gradual
changethenthe modified algorithmwould alsofail to convergefor this counterexample.Eachgradualupdate
shownin the sequencén Figure2 would simply be repeatedseverattimes. An instantaneouspdatecanalways
be approximatedby repeatinga gradualupdate. There are other modificationsthat could be imaginedfor
updateq14) and(15), butit is not apparentiow to modify themto ensureconvergencéo optimality. It is not
clearhow a reinforcementearningsystemcould be built that storesonly V andAV (or that storesV, AV, anda

policy) and that is guaranteed to converge to the optimal policy.

Figure 2. Counterexample for change in value



A deterministicMDP is given with eight states,two actions,and a time step At=1 for
which the updateq14) and(15) arenot guaranteedo converge. The nameof eachstate
andactionis shownin (a). Action A yieldsanimmediatereinforcementf 2, andactionB
yields an immediatereinforcementof 1. The initial valuein eachstate,V(x), andinitial
changeof valuefor eachstate-actiorpair, AV(x,u), areshownin (b). The parameterdail
to converge when the sequence of updates:

{2B, 1A, 2A, 8A, 8B, 1A, 6B,

4B, 3A, 4A, 2A, 2B, 3A, 8B,

6B, 5A, 6A, 4A, 4B, 5A, 2B,

8B, 7A, 8A, 6A, 6B, 7A, 4B}
is repeatednfinitely often,wherethe numbersare statesandthe lettersareactions. After
performing the first row of updates,all parametershave shifted clockwise two states.
After performingall four rows of updatesall parameterfiavebeenupdatedat leastonce,
andall parameterdavereturnedto their initial values. The optimal policy is to choose
actionA in everystate. The worst policy is to chooseactionB whenevermpossible. The
initial parametergausethe learningsystemto classifythe worst policy as beingoptimal,
and this is still the case after the above sequendedemsepeatedlyarbitrarily often. The
worst policy continuesto be classified as optimal, even if the initial parametersare

perturbed slightly.

Anotherapproachs to storea probability of choosingeachactionin eachstate,ratherthana single policy
actionfor eachstate. This approachhasbeenused,for example by Gullapalli (1990). This approachrequires
that the controller chooseactions accordingto the stored probabilities during learning. The probabilities
typically convergeto a deterministigpolicy, so explorationby the learningsystemmustdecreas@vertime. This
preventghe issueof explorationfrom beingaddressedeparatelyfrom the issueof learning. It would be useful
to havea generalalgorithm that was guaranteedo learn when observingany sequenceof actions,not just
actionschosenaccordingto specificprobabilities. For suchan algorithm, the explorationmechanisntould be

designed freely, without concern that it might prevent convergence of the learning algorithm.



Q-learningis an algorithmthat avoidsthe problemsof the abovealgorithms. It is incrementaldirect (does
not needa modelof the MDP), andguaranteedo convergeat leastfor the discretecasewith a finite numberof
statesandactions. Furthermorejt canlearnfrom any sequencef experiencesn which everyactionis tried in
every state infinitely often. Instead of storing values and poliQdsarning store® values For agivenstatex
and action u, the optimal Q value, Q" (x,u), is the expectedtotal discountedreinforcementhat is receivedby
startingin statex, performingactionu on the first time step,then performingoptimal actionsthereafter. The
maximumQ value in a state is the value of that state. The aageaciatedvith the maximumQ valuein a state
is the policy for that state. Initially, all Q valuesaresetto arbitrarynumbers. After anactionu is performedin

statex, the result is observed and Qesalue is updated:

Q(x,u) L0 R, (xu)+y ™ maxQ(x' ,u) (16)

The equivalent of the Bellman equation @tearning is:

Q(xu)= R (x,u)+y"™ S P(u, X, X' )muaxQ(x' u') a7

The optimal Q function, Q"(x,u), is the unique solution to equation(17). The policies implied by Q",

policies that always choose actions that maxir@izeare optimal policies.

Update(16) doesnot requirea model of the MDP, nor doesit containany summationr integrals. The
computational complexity of a singlgppdateis independendf the numberof states. If the Q valuesarestoredin
a lookup table,thenthe complexityis linear in the numberof actions,dueto the time thatit takesto find the
maximum. However,the term beingmaximizedis a storedfunction, not a calculatedexpression. This suggests
thatif Q is storedin anappropriatdunction approximationsystemjt might be possibleto reduceeventhis part
of the updateto a constant-timelgorithm. Onealgorithmthat doesthis is describedn Baird (1992). Another
method,wire fitting, is describedn Baird andKlopf (1993b). In both casesthe maximizationof the functionis
performedincrementallyduring learning,ratherthanrequiringan exhaustivesearchfor eachupdate. Q-learning
therefore appearsto have none of the disadvantage®f any of the algorithms describedabove, and the
computationacomplexity per updateis constant. Reinforcementearningsystemsasedon discreteQ-learning

are described in Baird and Klopf (1993a), and Klopf, Morgan, and Weaver (1993).



Q-learningrequiresrelatively litle computationper update,but it is usefulto considerhow the numberof
updatesrequiredscaleswith noiseor with the durationof a time step,At. An importantconsiderations the
relationshipbetweenQ valuesfor the samestate,and betweenQ valuesfor the sameaction. The Q values
Q(x,u1) and Q(x,up) representhe long-termreinforcementreceivedwhen startingin statex and performing
actionu or up respectivelyfollowed by optimal actionsthereafter. In a typical reinforcementearningproblem
with continuousstatesandactionsi,it is frequentlythe casethat performingonewrongactionin along sequence
of optimalactionswill havelittle effecton thetotal reinforcement.In sucha case Q(x,u1) andQ(x,u2) will have
relatively close values. On the other hand, the values of widely separated states will typically not be close to €
other. ThereforeQ(x1,u) andQ(xo,u) may differ greatlyfor somechoicesof x; andx,. The policy implied by a
Q function is determinedby the relative Q valuesin a single state. If the Q function is storedin a function
approximation system with some error, the imppedicy will tendto be sensitiveto thaterror. As thetime step
durationAt approaches zero, the penalty for one wracitipnin a sequencelecreaseshe Q valuesfor different
actionsin a given statebecomecloser,andthe implied policy becomesvenmore sensitiveto noiseor function
approximatiorerror. In thelimit, for continuougime, the Q function containsno informationaboutthe policy.
Therefore,Q-learningwould be expectedo learnslowly whenthe time stepsare of shortduration,dueto the
sensitivityto errors,andit is incapableof learningin continuoustime. This problemis not a property of any

particular function approximation system; rather, it is inherent in the definitiQnvafues.



3. THE ADVANTAGE UPDATING ALGORITHM

Reinforcement learning in continuous time is possible through the aslwaitage updatingThe advantage
updatingalgorithmis a reinforcementearningalgorithmin which two typesof informationarestored. For each
statex, the value V(X) is stored,representinghe total discountedreturn expectedwhen startingin statex and
performingoptimal actions. For eachstatex and actionu, the advantage A(x,u), is stored,representinghe
degreeto which the expectedotal discountedreinforcements increasedoy performingactionu (followed by
optimal actionsthereafteryelativeto the actioncurrentlyconsideredest. After convergencéo optimality, the
valuefunction V" (x) representshe true value of eachstate. The advantagdunction A" (x,u) will be zeroif u is
the optimal action (becauseu confers no advantagerelative to itself) and A*(x,u) will be negativefor any
suboptimalu (becausea suboptimalaction hasa negativeadvantageelative to the bestaction). For a given
actionu, the Q value Q" (x,u) representshe utility of that action, the changein value AV*(x,u) representshe
incrementalutility of that action,andthe advantageA®(x,u) representshe utility of that actionrelative to the

optimal action. The optimal advantage functtdncan be defined in terms of the optimal value function

. U . . L
A ()= 2R (00 =V (0575 XXV (X (18)

The definition of an advantage includes At1érm to ensure that, for small time step duratigrthe advantages

will not all go to zero. Advantages are relate@tealues by:

A (o= =[Q (x) - maxQ’ (xu)] (19)

Both the value function and the advantageunction are neededduring learning, but after convergencdo
optimality, the policy can bextractedrom the advantagdunctionalone. The optimal policy for statex is anyu

that maximize#\* (x,u). The notatioAmaxX) is defined as:

A (x)= max A(X,u) (20)

If Amax IS zeroin every state,thenthe advantagdunction is saidto be normalized Amax shouldeventually

converge to zero in every state. The update rules for advantage updating in discrete time are as follows:



Advantage Updating

LEARN: perform actioru; in statex;
Axou) POA_ (x)+ R.(X,u)+ v“‘A\i(XMT) - V(x) 21)
V(x) FOV(X) + [An,_ (%)= A, ()] (22)
NORMALIZE: pick an arbitrary state and pick an action randomly with uniform probability

A(x,u) 0 A(x,u) - A (x)(23)

For the learningupdatesthe systemperformsaction ut in statex; and observeghe reinforcementeceived,
Rat(%,ut), andthe next state,x+at. The advantageandvaluefunctionsarethenupdatedaccordingto updates
(21) and(22). Update(21) modifiesthe advantagdunction A(x,u). The maximumadvantagen statex prior to
applying update(21) is Amax,4(X). After applying update(21) the maximumis Amax,.(X). If theseare
different, thenupdate(22) changeghe value V(x) by a proportionalamount. As a goesto zero,the changein
Amax goesto zero,butthe changean Amax in update(22) is divided by o, sothe valuefunctionwill continueto
learnat a reasonableate asa decreases.Advantageupdatingcan be appliedto continuous-timesystemsby
taking the limit asAt goesto zeroin updateg21), (22), and(23). For (22) and(23), At canbe replacedwith

zero. Substituting equation (5) into update (21) and taking the limit gses to zero yields:
A u) LIO AL (%) V(X)Iny + V(%) + (X, u) (24)

Thelearningupdates(21), (22), and(24), requireinteractionwith the MDP or a modelof the MDP, but the
normalizingupdate (23), doesnot. Normalizingupdatescanalwaysbe performedby evaluatingand changing
the stored functions independent of the MDP. Normalization is done to ensure that after converggRrze0
in everystate. This avoidsthe representatioproblemnotedabovefor Q-learning,wherethe Q function differs
greatly betweenstatesbut differs little betweenactionsin the samestate. Learningand normalizing can be
performedasynchronously For example a systemmight performa learningupdateonceper time step,in states

alonga particulartrajectorythroughstatespace and performa normalizingupdatemultiple timesper time step



in statesscatteredrandomlythroughoutthe statespace. The advantageupdatingalgorithmis referredto as
“advantageupdating” rather than “advantagelearning” becauseit includes both learning and normalizing

updates.

The equivalent of the Bellman equation for advantage updating is a pair of simultaneous equations:

V(x) + A(xu)at = R (x,u) +y Y P(u,x, X )V(X) (25)
max A(x,u) = 0 (26)

The unique solution to this set @fuationss the optimalvalueandadvantagdunctionsV*(x) andA*(x,u). This
canbe seenby consideringan arbitrary statex andthe action umay that maximizesthe advantagen that state.
For a given state, if (25) is satisfied, then the action that maxiringsalso maximizetheright sideof (25). If

the advantagdunction satisfies(26), then A(X,umax=0. Equation(25) thenreducego equation(12), which is
the Bellman equationThe only solutionto this equationis V= V*, soV" is the uniquesolutionto equationg25)
and (26). Given that= V*, equation (25) can be solved fr, yielding equation (1850 the uniquesolutionto

the set of equations (25) and (26) is the pair of func#drendV".

The pair of equationg25) and(26) hasthe sameuniquesolutionasthe pair (27) and(28), becausequation

(28) ensures thamax(X) is zero in every state.

V(x) + (A(xu)- A (x))at = R (x,u)+ y“z P(u, x,x")V(x") 27)
max A(x,u) = 0 (28)

If, in statex, a large constantwere addedto eachadvantage)*(x,u) andto the value V*(X), thenthe resulting
advantageand value functionswould still satisfy equation(27). However,the advantagdunction would not
satisfy equation(28), and so would be referredto as an unnormalizedadvantagdunction. Sucha function
would still be useful,becausehe optimal policy canbe calculatedrom it, butit could be difficult to represenin
a function approximationsystem. The learningupdate§21) and (22) find value and advantagdunctionsthat
satisfy(27). The normalizingupdateg22) and(23) ensurethat the advantagdunctionwill be normalized,and

so will satisfy (28) as well.



The updaterulesfor advantageipdatinghavea significantproperty:therearetime derivativesin the update
rules, but no gradients or partial derivatives. At timeis necessary to knotmax(*) andthe valueandrate of
changeof V(x;) while performingthe currentaction. It is not necessaryo know the partial derivativeof V or A
with respecto stateor action. Nor is it necessaryo know the partial derivativeof next statewith respectto
currentstateor action. Only a few of the recentvaluesof V needto be knownin orderto calculatethe time
derivative;thereis no needfor modelsof the systembeingcontrolled. Existingmethodsfor solving continuous-
time optimizationproblems suchasvalueiterationor differential dynamicprogramming requirethat modelsbe
known or learned,andthat partial derivativesof modelsbe calculated. For a stochasticsystemcontrolledby a
continuumof actions, previous methodsalso require maximizing over a set of one integral for eachaction.
Advantage updating does not require the calculation of an integral during each update operation, and
maximization is onlydoneover storedvalues. For this reasonadvantageipdatingappearsisefulfor controlling
stochasticsystemsevenif a modelis alreadyknown with perfectaccuracy. If the modelis known, then the
systemcan learn by interactingwith the model as in the Dyna system(Sutton, 1990a). Table 1 compares

advantage updating with several other algorithms.



Table 1. Comparison of several algorithms

Information
stored for Bellman equation Direct|Converge|Cont
statex Update rules q 0 * time
actionu
R(x,u) R PAOR-p +max R
R-learning p If following the policy then: p = E[R+ max K] - K yes no no
p 0 R+ max K - max R
Value iteration] V(x) vV LU R+y " maxVv’ V= E[R+y" maxV'] | g yes | yes
V() AV 0 (R+ y*'V' - V)/at AV=E[R+y "V - V]/at
Change in valu If following the policy then: at yes no yes
V = E[R + maxV'
AV(X,U) v A0 R+ v 2V [ Yy ]
Q-learning | Q(x,u) Q LU R+y " maxQ Q= E[R+y " maxQ’] yes yes no
Advantage | V() AJDA, +(R+y Vi - V)/at V = E[R+yMV']— Ant
updating |[A(* xeu) | V HOV+aA, /a
For a randomly, uniformly chosen action: A= 0 yes yes yes
AOA-A

Equationsare given in a simplified form, where primed letters representinformation

associateavith the next stateand unprimedlettersrepresentnformationassociatedvith

the currentstate. Seethe text for a more detailedform of the equations. The fourth

columngivesthe equivalentof the Bellmanequation;the uniquesolutionto this equation

or setof equationss the optimalfunction or functionsthat shouldbe learned. R-learning

is not guaranteedo learnto reject suboptimalpolicies. Value iterationis not direct; it

requiresa modelto be known or learned,andit requiresthe calculationof the maximum

of aninfinite setof integralsto performoneupdate. The algorithmsdescribedn the text

that are basedon storing a changein value are not guaranteedo converge,evenfor a

deterministicMDP with only eight states. Q-learning and R-learningdo not work in

continuougime, andare sensitiveto function-approximatiorerrorswhenthe time stepis

small. Advantageupdatingis direct, is guaranteedo convergefor an MDP with finite

statesand actions,andis appropriatefor continuous-timesystemsor systemswith small

time steps.






4. A LINEAR QUADRATIC REGULATOR PROBLEM

Linear QuadraticRegulator(LQR) problemsare commonlyusedas test bedsfor control systemsandare
usefulbenchmarkgor reinforcementearningsystemgBradtke,1993). The following linear quadraticregulator
(LQR) control problem can serve as a benchmarkfor comparingQ-learning to advantageupdatingin the
presencef noiseor smalltime steps. At a giventimet, the stateof the systembeingcontrolledis thereal value

The controller chooses a control actigrvhich is also a real value. The dynamics of the system are:

X = U (29)
The rate of reinforcement to the learning syst€m,ut), is
r(x,u)=-x"-u’ (30)

Given some positive discount factorl, the goal is to maximize the total discounted reinforcement:

}y‘r(xt,ut)dt (31)

A discrete-timecontroller can changeits output every At seconds,and its output is constantbetween

changes. The discounted reinforcement received during a single time step is:

R, (W)= [v 'r(x u)dr = [y (=(x + )’ - u)dr (32)

and the total reinforcement to be maximized is:

Z (v ) R (XU, (33)



Giventhis control problem,it is possibleto calculatethe optimal policy *(x), valuefunction V*(x), Q value

functionQ"(x,u), and advantage functig (x,u). These functions are linear or quadratic fonalndy 1:

() = -kX (34)

Vi(x) = - kx’ (35)

Q (x,u) = —(k, + Atk *Kk,)x" - 2Atk k xu - Atk u” (36)
A (x,u)= -k, (kX + u)’ (37)

The constantk; arepositivefor all nonnegativevaluesof At andy_1. For At=0 andy=1, all ki=1. AppendixB

gives the general formula for edghas a function oAt andy.



5. Q-LEARNING WITH SMALL TIME STEPS

Figure 3. Optimal LQR trajectories

The optimaltrajectoryfor the linear quadraticregulator(LQR) problem,startingat xo=1,
for continuous time (solid line) and for discrete time with time stepsicttion5 (dashed
line). In continuougime, the optimal speeds highwhenx=1, andthe speeddecreaseas
X approachegero. In discretetime, the optimal speedis lower initially, to decreasehe

amount of overshoot on the first time step.

Figure 3 illustratesthe optimal trajectoriesfor At=5 and At=0 (continuoustime) with y=0.9. At the first
instant,the optimal policy for continuoustime is to move at high speed pbut the optimal policy for the discrete
time systemrequiresa lower speedn orderto lessonthe degreeto which it will overshootduring the first time
step. As thetime stepdurationdecreaseffom 5 to 0, the discrete-timerajectoryconvergego the continuous-
time trajectory. The optimal value function and Q function are also affectedby At. Figure 4 showsthe value

functions, policy functions, an@ functions forAt=5, At=1, andAt=0.0001.



Figure 4. Optimal LQR functions f&-learning

The optimal value function V* (top row), policy _* (middle row), and Q function Q"
(bottom row) are shownfor the LQR problem. Functionsare shownfor time stepsof

duration5 (left column),duration1 (middle column)andduration0.0001(right column).

In all casesy=0.9.

As the durationof the time stepapproachezero, the optimal policy and value functions changeslightly,
approaching linear and quadraticfunction respectivelywith coefficientsof 1.0. The changein the optimal Q
functionis moredramatic,however. Thisis visible in both the equationsandthe figures. If At is setto zeroin
equation (36), th€® function ceases to be a functionuwift is only a function ok. This affect isalsoclearin the
figures. For a time step duration of 5, iblsviousthatfor eachpossiblestatethereis a uniqueactionthatyields
the maximumQ value. This ridge of bestQ valuesindicatesthe optimal policy. If the time stepdurationis
decreasedo 1, the Q function shifts so that the optimal policy is somewhatarderto see. It is still the case,
though,that the maximumQ valuein eachstaterepresentshe optimal actionin that state. As the time step
approachegero duration(continuoustime), it becomesncreasinglydifficult to extractthe policy from the Q

function. In thelastQ function graphin Figure4, for eachstate,the Q functionis almostconstantover all the



actions. Thereis a very smallbumpin the Q function correspondindo the optimal actionin eachstate,but it is
too smallto be visible in a graphof the function, andit would be very difficult to learn,for a generalfunction
approximation systemSmallerrorsin functionapproximationcancausedargeerrorsin the policy implied by the
Q function. Q-learningis not practical for control when the time step durationis small, and Q-learning is

theoretically impossible in a continuous-time system.

This difficulty is not specificto this particularcontrol problem. A Q valueis definedasthe expectedotal
discountedreturn if a given action is performedfor only a single time step, followed by optimal actions
thereafter. Unfortunately, in a typical control system, the total discounted reinforcaraean entiretrajectory
is rarely affectedmuchby a suboptimalcontrol actionon a singletime step. Thusthe Q functionwill be almost
equalfor all the actionsin a given state,while exhibiting large differencesbetweendifferent states. This is why

Q-learning is not well suited to problems with small time steps.

Figure 5. Optimal LQR functions for advantage updating

The optimal advantagefunction A* for the LQR problem are given for time stepsof

duration 5 (left), duration 1 (middle) and duration 0.0001 (right). In all cgs@<Sf.

Figure5 showsthe advantagdunction for the sameparametewraluesusedin Figure4. For largetime step
durations,such as At=5, the advantageand Q functions are almostidentical exceptfor scale. Both clearly
represent the policy. For smaller time stepsativantagdunctioncontinuego clearlyrepresenthe policy and,

evenfor continuougime, the optimal actionin eachstatecanbe readeasilyfrom the graph. This suggestghat



the advantageipdatingalgorithm,which is baseduponstoringvaluesandadvantagesnight be preferableto Q-

learning.



6. SMULATION RESULTS

Advantageupdatingand Q-learningwere comparedon the LQR problemdescribedn the previoussection.
In the simulations,the V function was approximatedy the expressionw;x2, andthe A and Q functionswere
approximatedy wx2+wxu+w,u2. All weights,wi, wereinitialized to randomvaluesbetweent104, andwere
updatedby simplegradientdescent.EachQ functionwasinitialized with the sameweightsasthe corresponding
advantagefunction to ensurea fair comparison. The control action chosenby the learning systemwas
constrainedo lie in therange[-1,1]. Whencalculatingthe maximumA or Q valuein a given state,only actions
in this rangewere considered. On eachtime step,a statewas chosenrandomlyfrom the interval [-1,1]. With
probability 0.5, an actionwasalsochosenrandomlyand uniformly from thatinterval. With probability 0.5, the
learningsystemchosean actionaccordingto its currentpolicy. The advantageipdatingsystemalso performed
onenormalizationstepon eachtime stepin a statechoserrandomlyanduniformly from [-1,1]. A setof 100 Q-
learningsystemsand 100 advantagaipdatingsystemswere allowedto run in parallel,all initialized to different
randomvalues,andall exploringwith differentrandomstatesandactions. At any giventime, the policy of each
system was a linedunnction. The absolutevalueof the differencebetweerthe constanin the currentpolicy and
the constantin the optimal policy was calculatedfor eachof the 200 learning systems. For Q-learningand
advantageupdating,the solution was said to have beenlearnedwhen the meanabsoluteerror for the 100
learning systemsrunning in parallel fell below 0.001. Figure 6 showsthe numberof time stepsrequiredfor
learningwhenvariousamountsof noisewereaddedto the reinforcemensignal. Figure7 showsthe numberof

time steps required for learning with various time step durations.



Figure 6. Time steps required for learning as a function of noise

For a noiselevel of n, uniform, randomnoisefrom the range[-n104,n104] wasaddedto
the reinforcemenbn eachtime step. For eachnoiselevel, Q learning(dashedine) used
the learningrate that was optimal to two significantdigits. Advantageupdating(solid
line) usedlearningrateswith onesignificantdigit, which werenot exhaustivelyoptimized,
yet it tendsto requirelesstime thanQ learningto learnthe correctpolicy to threedecimal
places. For zeronoise,advantageipdatingis only slightly faster. For a noiselevel of 13,

advantage updating is more than four times faster@laarning.



Figure 7. Time steps required for learning as a function of time step durtion,

For eachduration,Q learning(dashedine) usedthe learningratethat wasoptimalto two
significantdigits. Advantageupdating(solid line) usedlearningrateswith one significant
digit, which were not exhaustively optimized. Advantage updating requires an
approximatelyconstantnumberof time stepsto learnthe correctpolicy to threedecimal
places,independenbf At. For large At, advantageupdatingis slightly fasterthan Q-
learningto learnthe policy to three decimalplaces. For small At, advantageupdating
learns approximately5 orders of magnitudemore quickly than Q learning. As At
approaches zero, the training requireddogarning appean® grow without bound. Due
to the time required for the simulations, tasttwo datapointsfor Q learningwerefound

with averages over 10 systems rather than 100.

Table2 showsthe learningratesusedfor eachof the threefunctionsfor both of the algorithmsfor various
noiselevels,and Table 3 showslearningratesfor varioustime step durations. For the simulationsdescribed

here,normalizationwas doneonceafter eachlearningupdate,andboth typesof updateusedthe samelearning



rate. Advantageupdatingcould be optimizedby changingthe numberof normalizingupdatesperformedper
learning update, but this was not done here. One learning update and one normalizingerpgatdormedon
each time step. To ensure a faamparisorfor the two learningalgorithms the learningratefor Q-learningwas
optimized for each simulation. Rates were found by exhaustive search that were optimal to two significant dig
Theratesfor advantageupdatinghad only a single significantdigit, and were not exhaustivelyoptimized. The
rates used were sufficient to demonstratethat advantageupdating learnedfaster than Q-learning in every
simulation. Advantageupdatingappearsmore resistantto noisethan Q-learning,with learningtimes that are
shorterby a factor of up to seven. This may be due to the fact that noise introduceserrorsinto the stored
function, and the policy for advantageupdatingis lesssensitiveto errorsin the storedfunctionsthanfor Q-
learning. All of Figure6, andthe leftmostpointsof Figure7, represensimulationswith largetime steps. When
thetime stepdurationis small, the differencebetweenthe two algorithmsis moredramatic. In Figure7, asthe
time step durationt approaches zero (continuous time), advantage updating is able to solve the LQR jproblem
a constan216time steps. Q-learning,however requiresapproximatelyl O/At time steps. Simulationshoweda
speedncreasdor advantageipdatingby a factor of over 160,000. Smallertime stepsmight haveresultedin a
largerfactor, but Q-learningwould havelearnedtoo slowly for the simulationsto be practical. Evenfor a fairly
large time step of At=0.03, advantagaupdatinglearnedtwice as quickly as Q-learning. When At=0.03, the
optimalpolicy reduces< by 90%in 81 time steps. This suggestshatif a controllerupdatests outputs50 times
per secondthenadvantagaipdatingwill learnsignificantly fasterthan Q-learningfor operationghat requireat
least2 secondg100time steps)to perform. Furtherresearchs necessaryo determinewhetherthis is true for

systems other than a simple LQR problem.



Table 2. Learning rate constants and number of time steps required for learning

noise “Q o B ® to ta
0 1.4 0.9 0.4 0.5 239 235
1 1.4 1.0 0.3 0.5 272 222
2 0.74 0.6 0.3 0.3 415 286
3 0.44 0.5 0.3 0.3 660 375
4 0.26 04 0.3 0.4 1,128 445
5 0.17 0.3 0.2 0.3 1,688 561
6 0.11 0.2 0.4 0.1 2,402 755
7 0.088 0.2 0.2 0.2 3,250 765
8 0.073 0.1 0.1 0.07 3,441 1,335
9 0.054 0.1 0.09 0.05 4,668 1,578

10 0.050 0.1 0.1 0.06 4880 1,761
11 0.046 0.08 0.06 0.06 5,506 1,761
12 0.030 0.06 0.1 01 8,725 1,832
13 0.028 0.06 0.1 0.1 8,863 1,845
14 0.022 0.06 0.1 01 11,642 1,850
15 0.018 0.06 0.1 01 13,131 1,890
16 0.018 0.06 0.1 0.1 13,183 1,902

Learningrate constantsandthe numberof time stepsrequiredto learnare given for the
caseof Q learning and advantageupdating,with At=0.1, and varying levels of noise.
Thereare 100 identicallearningsystemdearningin parallel,with differentinitial random
weightsand different randomactions. The systemis definedto havelearnedthe policy
when the mean absolute value of the error in the policy constant for the 100 sy$ssis is
than0.001. The learningratesfor Q learningare optimal to two significantdigits. The
learningratesfor advantageupdatinghave only a single significant digit, and have not

been completely optimized.



Table 3. Optimal learning rate constants and number of time steps required for learning

t “Q  «a p ® to ta

1EO 044 1 06 04 382 196
3E-1 10 1 04 0.8 195 190
1E-1 14 1 03 0.5 239 214
3B-2 15 09 03 05 459 216
1E-2 16 09 03 05 1,003 216
3E-3 16 09 03 05 2,870 216
1E-3 15 09 03 05 9,032 216
34 14 09 03 05 32,117 216
1E-4 14 09 03 05 96,764 216
3E-5 12 09 03 05 372,995 216
1E-5 13 09 03 05 1,032,482 216
3E-6 12 09 03 05 3,715,221 216
1E-6 12 09 03 05 * 10,524,463 216
3E-7 12 09 03 05 * 34,678,545 216
1E-7 09 03 05 216
3E-8 09 03 05 216
1E-8 09 03 05 216

Optimallearningrate constantse,, andnumberof time stepsrequiredfor learning,t, are
given for Q-learning and advantageupdating, with no noise, and varying time step
durations At. 100identicallearningsystemdearnin parallel,with differentinitial random
weightsand differentrandomactions. The systemis definedto havelearnedthe policy
when the mean absolute value of the error in the policy constant for the 100 sy$ssis is
than0.001. Resultsmarkedwith "*" represenaverage®ver 10 systemgatherthan100.
Thelearningratesfor Q learningare optimal to two significantdigits. The learningrates
for advantageupdatinghaveonly a single significantdigit, and havenot beencompletely

optimized.



7. CONVERGENCE OF ADVANTAGE UPDATING

Therearethreetypesof convergencehat are desirablefor an algorithmsuchasadvantagaupdating. First,
performing only learning updatesshould ensurethat the policy implied by the advantagefunction should
convergeto optimality. Second,performing only normalizing updatesshould ensurethat A(x,u) becomes
normalized that is, AmaxX) convergeso zeroin every state. Third, the full advantageupdatingalgorithm
(performingboth typesof updateskhouldensurethat V(x), A(x,u), Amax(X) andthe policy implied by A(x,u) all
convergeto optimality. Theoreml andtheorem2, below, showthe first two typesof convergence A theorem
guaranteeindhe third type of convergencéasnot yet beenshownto be impossible,but will require further

analysis.

Theoreml. A sequenc®f updatesensureshat, with probability one,V(x) convergeso V*(x) andthe value of

the policy implied byA(x,u) converges to optimality with probability one if:

(1) There are a finite number of possible states and actions.
(2) Each state receives an infinite number of learning updatisfinite number(possibly

zero) of normalizing updates.

3 Z a (X,U) = andi a ’(x,u) is finite, whereon(x,u) is the learningrate usedfor

n=1

thenth time the learning updates are applied to actionstatex.

(4) Ox,uon, such thaton>n, B (x,u) = a_ (X u)At
Proof:

If the above conditions are satisfied, then at some point in time deangng,3= oAt andall future updates
are learningupdates(no normalizingupdates). Define the function Q to be the left side of equation(27), so
Q(x,u)=V(X)+(A(x,u)-Amax(X))At. Thelearningupdatesn advantageaipdatingchangethe quantity Q(x,u) in the
sameway that Q-learningdoeswhen = aAt. Therefore,Q will convergeto Q" with probability one, which
ensureghat the value of the policy implied by the Q function will convergeto optimality with probability one
(Watkins 1989, Watkins andayan,1992). Note thataccordingto this definition of Q, the maximumQ valuein

statex alwaysequalsV(x). Thereforejf Q convergego Q, thenV mustconvergeto V*. In a given state,the



action that maximizesQ will also be the actionthat maximizesA. The value of the policy implied by the Q

functionconvergego optimality with probability one,thereforethe value of the policy implied by the A function

must also converge to optimality]

Theorem2. A sequencef updatesensureghat Amax(X) convergedo zerowith probability onein eachstate

(the advantage function goes into normal form) if

(1) There are a finite number of possible actions.
(2) Each statereceivesan infinite numberof normalizing updatesand a finite number
(possibly zero) of learning updates..

(3) The learning rate for each state is constant.
Proof:

Define the storedinformationafter applyingall the learningupdatesasthe “initial” parametewalues,so the
learning updatescan be ignored. Normalizing updatesin one stateare not affectedby other states,so it is
sufficient to consider a single state. First, consider the case g€ is initially positive. DefineSto bethe
sum of the positive advantages in statéNote that a normalizing update canaleangethe signof Amaxx), and
cannotincreaseany advantagen statex. If a normalizingupdateis performedin statex on oneof the positive
advantagegheneither Swill be decrementethy cAmax(x), or elseone of the positiveadvantagesvill become
nonpositiveandwill remainnonpositiveafter all future updates. If thereare n possibleactions,thenthe latter
can happen at mostl times. The maximum of a set of positive numbegsaeaterthanor equalto the average,
soAmax(X)_Sn. Therefore decreasing by c Amax() resultsin S beingdecreasethy at leastaS/n Statex will
alwayshaveat leastone positiveadvantageso eachupdatehasa probability of at leastl/n thatit will updatea
positive advantage. An infinite numberof updateswill resultin an infinite numberof updatesto positive
advantagesgwith probability one), which resultsin S being decrementedby at leastaS/n an infinite numberof
times, which causesS to convergeto zero with probability one. The secondcaseis if AmaxX) is initially
negative. In that case ,eachupdatehasa probability of at leastl/n that AmaxX) will beincreasedy at least—

aAmax(X). With probability one, this will happenan infinite number of times, ensuringconvergencewith

probability one.[]



Theorem1 indicatesthat the learning updatesalone are sufficient to learn the optimal policy, when the
advantagdunction is storedin a lookup table. However,the advantagdunction may be unnormalizedwith
large valuesin one state,and small valuesin anotherstate. An unnormalizedadvantagdunction can be as
difficult for a function approximationsystemto representas a Q function, for similar reasons. Theorem?2
indicatesthat the normalizingupdatedoestend to put the advantagdunction into normalform. Thereforea
seqguence containing both types of updates coayergeo anadvantagdunctionthatimpliesan optimal policy,
and also is sufficiently normalized to be learned easily foyetion approximatiorsystem. It appeargossibleto
prove convergencdor the full advantagaipdatingalgorithm,whereboth learningand normalizingupdatesare
performednfinitely oftenfor everystate-actiorpair. A proof of this convergenceesult,basedon the resultsof

Jaakkola, Jordan, and Singh (1993), will appear in a forthcoming paper.



8. IMPLEMENTATION | SSUES

Many optimal control problemsoccurringin practice have continuous,high-dimensionalktate and action
vectors. This suggestghatthe V and A functionsshouldbe representedvith generalfunction approximation
systemghatlearnfrom examplesratherthanusinglookup tables. Possiblesystemamight include a multilayer
perceptron,a radial basisfunction network, a CMAC, or a memory-basedearning systemusing k-nearest-
neighborinterpolation. Suchsystemscan be trainedby giving examplesof the value of a function for various

inputs.

Continuous-timeadvantageupdating requiresknowledgeof the rate of changeof value, V(x,). If the

learningsystemis constantlycalculatingthe value of V asthe statechangesthen simplefilters andtechniques
from adaptivecontroltheorycanbe usedto estimateV (x) at a particulartimet. In fact, thefilter canevenbe
noncausalusingthevaluesof V at timeslaterthantimet aswell asat timesearlierthantime t in the calculation
of V(x,). It is alsoacceptabldor the estimateof V (X)) to be somewhamnoisy. As long asthe noisehaszero
meanand boundedvariance,this shouldnot preventconvergenceof the advantagaupdatingalgorithmto the

correct policy, although noise would be expected to slow the convergence.

An additionalissueariseswhenthe actionvectoris continuous. All forms of dynamicprogrammingrequire
the calculationon eachtime stepof a maximum(or minimum, or minimax saddlepoint). In Q-learning,for an
updateof a single parameterit is necessaryo find the maximumQ valuein a particularstate. Value iteration
and policy iteration requirethe calculationof a sum or integral over all possiblestatetransitionsfor a given
action. This calculationmust be repeatedor eachpossibleactionin a given state,and the maximumof the
calculatedvaluesmust be found in order to updatea single parameter. In advantageupdating,for a single
applicationof stepl or step2 above,the maximumadvantagen a given statemustbe found. If the stateand
action vectorsare continuous,and the functions are stored (for example)in a single-hidden-layersigmoidal
network, thenit is difficult to find the action that maximizesthe output for a given state. There are three

approaches to finding this maximum.

Thefirst approachis to find the maximizingactionthroughtraditional searchtechniquestreatingthe stored

function as an unknown function to be sampledrepeatedlywhile trying to find the maximum. This can be



computationallyintensive and can be subjectto problemswith local maxima, especiallyin high-dimensional

action spaces.

The secondapproactexploitsthe ability of advantageipdatingto work with smalltime steps. For example,
an MDP might havea time-stepdurationof At, a statevectorx, anda scalaractionu which is a real number
betweenzeroandone. An almost-equivalenMDP is one with a time-stepdurationof At/100, a statevector
(x,u), andonly two possibleactions:increaseu by 1/100, or decreasai by 1/100. The latter MDP is almost
equivalento the former; givenan optimal policy for the latter MDP, an approximatelyoptimal actionfor statex
in the former MDP canbe found throughat most100 evaluationf the policy for the latter MDP. In the limit,
using large factorsinsteadof 100, this approachreducesthe problemof continuousactionsto an equivalent

problem with discrete actions. The algorithm for this maximization method in the limit is given in Baird (1992).

The third approach to finding maxima of learned functions isvitefitting approach, described Baird and
Klopf (1993b). It is possibleto take any function approximationsystemand embedit in a largersystemwhich
makes trivial thgroblemof finding the global maximumfor eachstate. The maximumof the functionin a given
statecanbefoundin constantime. This approachappeargeneralandlesscomputationallyintensivethanthe

one in Baird (1992), and has been shown to work well on a simple cart-pole control problem.

The advantageipdatingalgorithm,asdescribechere,wasdesignedor usewith a lookuptable. It hasbeen
shown(Baird andHarmon,1994)that whenfunction-approximatiorsystemsare combinedwith algorithmssuch
as Q-learning or advantageupdating,it can be usefulto modify the learning algorithm to perform gradient
descent on the meaqguaredellmanresidual. If a functionapproximatiorsystemis usedfor the advantagend
value functions, and if the systembeing controlled is deterministic,then a given weight W in the function-

approximation system could be changed according to equation (39):



E= ERAI (x,u)+ vy 'V(x,,)- V(X‘))Ait - A(x,,u )+ max Au\(xt,u)g + (maxﬁu\(xt,u))2 (38)
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whereE is the sum of the two squaredBellman residualsassociatedvith advantagaupdating. This form of
advantageaupdatingcan be describedoy the single equation(39), ratherthanrequiring threedifferent updates,
and it requiresthe choiceof only a single learningrate o, ratherthanthreeratesa, 3, andw. As a simple
gradient-descenglgorithm, it is also guaranteedto convergeto the correct answer under reasonable
assumptions. However, if the systembeing controlled is nondeterministicjt is necessaryto generatetwo

differentpossible'next states"xi+at for a givenactionu; performedin a givenstatex;. Onext+at mustbe used

] . . .
to evaluate/(x+at), and the other must be used to eval%-a\r/tveV(xM). This ensureghatthe weightchangeds

an unbiasedestimatorof the true Bellman-residuagradient,but requiresa systemsuchas in Dyna (Sutton,

1990a) to generate the next state. Simulation results for (39) are presented in Harmon, Baird, and Klopf (19€

Throughoutthis paper,it has beenassumedthat the advantageof an action is defined relative to the
maximumactionin a given state. This simplifies the equationsput may leadto an optimal advantagdunction
thatis not smooth. To avoid this problem,one could arbitrarily choosea given actionin eachstate,uref, asa
referenceaction. The advantagefor a givenactionwould thenbe definedasthe degreeto which thatactionis
better than the reference action. With this modification, the advantage of the reference action,

A, (x) = A(x,u, ), would be forced to zero by normalization. Then Amax would be replacedwith Aref in

updateq22) and(23), in equationg26) and(28), andin the lastline of equation(39). Amaxwould be replaced
with (Amax-Aref ) in updateg21) and(24), in equation(27), andin therestof equation(39). A learningsystem
will typically spendalargeproportionof thetime following the policy, soit generallyappeardetterto useAmax

as the reference rather thags, but it would be interesting to investigate the usargfinstead.



9. CONCLUSION

Advantageupdatingis shownto learnslightly fasterthan Q-learningfor problemswith largetime stepsand
no noise,and far more quickly for problemswith small time stepsor noise. Advantageupdatingworks in
continuoustime, which Q-learningcannotdo. Advantageupdatingalsohasbetterconvergenceropertiesthan
R-learning,differential dynamicprogrammingor algorithmsbasedon storedchangen valueor storedpolicies.
Completdearningsystemdor continuousstatesactions,andtime canbe built usingthis algorithmwith existing
function approximationsystemsfunction maximizationsystemsandfilter systems. Unlike differential dynamic
programmingor valueiteration,it is possiblefor advantageupdatingto learnwithout a model. If a modelis
known or learned,advantageupdatingmay be combinedwith the modelasin Dyna (Sutton,1990a). If the
system being controlled is stochastic, this direct method combined with the model coudceledficient thanan
indirect method combined with the model. This is due to the fact that some indirect methodsrequire
maximizationover infinite setsof integralsin orderto accomplisha single update whereasadvantagaipdating
can accomplishthe calculationof both the integralsand the maximizationincrementally. Future work will
include analysisof additional convergencessues,and application of advantageupdatingto more difficult

problems.
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APPENDIX A: NOTATION

Xt State at time t

Ut Control action at timé In discrete-time control, action is constant throughout a time step.
r at(Xt,Ut) Rate of reinforcement at timavhile performing actioni in statex;.

Rat(X,u) Total discounted reinforcement during a single time step starting irkstatte constant action

u.. Ris the integral of as time varies over a single time step.
R(x,u) Informationstoredby R-learningfor the state-actiorpair (x,u). R valuesare not usuallywritten

in script, but a scripR is used here to distinguishvales from reinforcement.

X Optimal control action to perform in state

V(%) Total discounted reinforcement over all tithetarting in statex then acting optimally.

Q" (x,u) Total discounted reinforcement over all time if starting in statlingu, then acting optimally.
AV*(x,U) Expected value of* (x)-V*(x), wherex is the state reached by performing actidn statex.

A" (x,U) Amount by which action u is better than the optimal action in maximizing total discounted

reinforcement over all timeA* is zero for optimal actions, negative for all other actions.

_V,QAAV Learning system's estimates 6f V', Q*, A", andAV".
All parameter updates are represented by arrows. When a parameter is updated during learning, the notatior
w O0K (40)
represents the operation of instantaneously changing the par&vssehat its new value s, whereas:
W L0 K (41)
represents a partial movement of the valu&/abwardK, which is equivalent to:
w,_, £0@-a)w, +akK (42)

where the learning rateis a small positive number.



APPENDIX B: L QR CONSTANTS

For At_0 andy_1, the following 3 equationsgive the constantsk;, for the optimal controller for the LQR
problem. If At=0, or y=1, or both, the constantsare calculatedby evaluatingthe limit of the right side the

equations adt goes to zero, or goes to one, or both:

o B-yeO 2y - 2atiny - 2- (L-y*)In?y + f(2+ 7 y)? (@ - y*")? - dat?y *'In?y (43)
Ot 22y 4 daty*iny + (L-y >INty + (L-y*)(2+ N7y ) (L -y *)? - 4atly *In’y
(2+ Iny)(L-y*)? - 28ty *In"y - (L-y*)(2+ In?y)*(L-y*)" - 4oty * In’y
k2: 2 At 3 (44)
2at°y T InTy
B 2+In?y)y**" -1 - 4aty* ' Iny - 1- yM)—\/(Z +In?y)2(1-y*')* - dat’y*'In?y (45)

2aty In’y

The validity of theseequationscanbe verified by substitutingthe equationdor k; into the equationsor _*, V*,
Q", andA", thensubstitutingthoseequationsnto the Bellman equationsto checkthat they are satisfied. The
following Mathematica code calculates all the functions, and verifies that the given equattbesdémstantsio
lead to function®* andA* that satisfy equation (25). The last line prints the differéeteeerthe two sidesof

equation (25) as a function xfu, At, andy.

(FFr+rrrrrk Check validity of functions and constants ***#kkkkkx)

s[g_,dt_] := Sqrt[(2+Log[g]*2)"2(1-g"dt)*2-4dt"2g dt*Log[g]"2]

k1[g_,dt_]:=(1-g"dt)/dt*(2g”dt-2dt*Log[g]-2-(1-g"dt)Log[g]*2+s[g,dt]) /
(2-2g"(2dt)+4dt*g"dt*Log[g]+(1-g”(2dt))Log[g]*2+(1-g"dt)s[g,dt])

k2[g_,dt_]:=((2+Log[g]"*2)(1-g"dt)*2-2dt*2g" dt*Log[g]*2-(1-g"dt)s[g,dt]) /

(2dt"2g”dt*Log[g]*3)

k3[g_,dt_]:=((2+Log[g]*2)(g"(2dt)-1)-4dt*g"dt*Log[g]-(1-g"dt)s[g,dt]) /
(2dt*Log[g]"3)

rx_u_,g_,dt ] =-X"2-un2

R[x_u_,g_,dt ] :=Integrate[g"t*r[x+t*u,u,g,dt],{t,0,dt}]

V [x_,0_,dt ] :=-k2[g,dt]*x"2

Alx_u_,g_,dt ] :=-k3[g,dt]*(k1[g,dt]* x+u) 2

pi[x_,g_,dt ] :=-k1[g,dt]*x

Qx_,u_,g_,dt ] :=V[xg,dt]+dt*A[x,u,qg,dt]
Together[g"dt*V[x+dt*u,qg,dt]-V[x,g,dt]+R[x,u,g,dt]-dt*A[x,u,g,dt]]

The code prints the number zero, therefore the equiatgatisfiedfor all valuesof x, a, At, andy. It is clear

that A" is nonpositiveeverywhereandis zerowhenfollowing the policy *. Therefore the functionsA*, V*,



and_" arealsocorrect. It is alsoclearthat Q"=V*+A"At, thereforeQ" is correct. Thefollowing codefinds the

constants for several special cases, as well as the general fornRita for

(********** SpECIa| Va|UeS Of R and k ***********)
R [x,u,q,dt]
Limit[R[x,u,g,dt],g->1]
Limit[k1[g,dt],g->1]
Limit[k2[g,dt],g->1]
Limit[k3[g,dt],g->1]
Limit[k1[g,dt],dt->0]
Limit[k2[g,dt],dt->0]
Limit[k3[g,dt],dt->0]
Limit[Limit[k1[g,dt],g->1],dt->0]
Limit[Limit[k2[g,dt],g->1],dt->0]
Limit[Limit[k3[g,dt],g->1],dt->0]

This finds that the total, discountedreinforcementeceivedduring a singletime stepof durationAt, startingin

statex, with a constant control action othroughout the time step is:

2(1- v U + 2u(|ny)(uAtyAt -(1- yM)x)+ Inzy((l— v Aty i+ @-yt)x - 2Aty“ux)

R(x,u) = 3 (46)
In"y
If y=1, thenR reduces to:
R(X,u) = -at(u® + x* + atxu + atu?/3) (47)
For no discountingyEl), the constants are:
3at + 6,1+ A
K, = iz (48)

B 2at s 6AtJ1+ sty
K, = 1/1+ sty (49)

k3:l+At73+ At l+AtZ2 (50)

For continuous timeAt=0), the constants are:

Iny +/4+In?y
k., =k, = >

k =1 (52)

(51)

For continuous time with no discountingt€0, y=1) , the constants reduce to:



(53)



