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For an absorbing Markov chain with a reinforcement on each transition, Bertsekas (1995a) gives a smple
example where the function learned by TD(A) depends on A. Bertsekas showed that for A=1 the
approximation is optimal with respect to a least-squares error of the value function, and that for A=0 the
approximation obtained by the TD method is poor with respect to the same metric. With respect totheerror
in the values, TD(1) approximates the function better than TD(0). However, with respect to the error in the
differencesin the values, TD(0) approximates the function better than TD(1). TD(1) is only better than TD(0)
with respect to the former metric rather than the latter. In addition, direct TD(A) weights the errors
unequally, while residual gradient methods (Baird, 1995, Harmon, Baird, & Klopf, 1995) weight the errors
equally. For the case of control, a simple Markov decision process is presented for which direct TD(0) and
residual gradient TD(0) both learn the optimal palicy, while TD(1) learns a suboptimal policy. These results
suggest that, for this example, the differences in state values are more significant than the state values
themselves, so TD(0) is preferableto TD(1).

1 Introduction

Bertsekas (1995) proposes a murterexample to the use of temporal difference methods for approximating
value functions in the @ntext of Markov chains and suggests that his results extend to the domain of Markov
dedsion pocessesaswell. Bertsekas uses a least-squares error with resped to the value function as the metric for
evaluating the functions leaned by TD(1) and TD(0). In the murterexample, the function leaned by TD(0) is
inferior to that leaned by TD(1) when using this metric. However, we observe that other metrics produce
different results.

Bertsekas' examples are Markov chains with states 0,1,2,...,n. Ead transition returns a reinforcement with
the exception d state 0, which is cost-free and absorbing and is eventualy readed from every other state. For
ead initial state x the objedive is to estimate the expeded total return V*(x) receéved when foll owing a series of
transitions from state to the terminal state.

Like Bertsekas, we use alinea function approximator of the form V(x,w)=xw to approximate the optimal
value function V*(x), where x is the state and w is a weight vedor. Sutton's TD(A) method (1988 is a gradient-
descent-like dgorithm for obtaining a suitable veaor w after observing a large number of simulated trgjedories of
the Markov chain. As Bertsekas (1995) and Sutton (1988 point out, TD(1) can be cnsidered a stochastic
gradient descent method for minimizing an expected value of the square of thé errar(x,w).

On the other hand, TD(0) can be viewed as a stochastic gradient-descent-like method for minimizing an
expeded value of the temporal difference eror [r(X,X.,)+V(X.,,W)]-V(x,w). The TD(1) algorithm attempts to
approximate V* by finding a function that is a dired approximation d the value function for all x, while the
TD(0) algorithm attempts to approximate V* by finding a function whase differences in values approximates the
differencesin values of the value function for all x, while smultaneoudy approximating the value of the termina
state. For this discusdgon, it is useful to define an operator that represents the differencein value of two adjacent
states.  We define this operator & in equation (0). This operator is smewhat like a derivative or dope,

particularly when y=1 (asisthe cae for the examples presented here), andis equivalent to the difference between
the two sides of the Bellman equatid@e(tsekas, 1995b).

O (%) = ff (x..) - f(x) (0)
The TDQ) update equation is defined as follows:
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Note that ifA=0 then equation (1) reduces to equation (2) which is the update equatiahuédteration:
W =W afr (%, %) + W%, W) -V (%, WOV (x, W) ®)

By solving the temporal difference aror for r one can seethat TD(0) attempts to find a functionin which &V
approximatedV*. In a given state, there will be no change in the weight vecifodV =4V *, assuming=1.

Noting that TD(1) finds a function that approximates the value function V* direaly and TD(0) finds a
functionV in which dV approximatesV*, we can better evaluate the empirical redBéigsekas presented.

2 Markov chains

The following two examples are identicd to the examples presented in Bertsekas (199%). We use alinea
function approximator of the form V(x,w)=xw . The weight w was cdculated exadly rather than approximated in
simulation. The state transitions and associated reinforcements are deterministic. From state x we move to state
x-1 with a given reinforcement r,. All simulation runs dart at state n and end at state O after visiting all the states
n-1, n-2,...,.1 in successon. The temporal difference awciated with the trangition from x to x-1 is r,+V(x-1,w)-
V(x,w)=r -w and the gradient iSIV(x,w) = X.

Example 1

Figure 1 shows the value function V* and the functions leaned by TD(1) and TD(0) for n=50 and for r,=1,
r.=0 for allx# 1.
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Figure 1. The optimal value function V* and the functions learned by TD(1) and TD(0) for the case r,=1, r =0 for all x# 1.
The function learned by TD(1) is a better approximatiow*tthan is TD(0) according to the 2-norm.

In Figure (1), we can seethat TD(0) yields a poar approximation to the value function. However, TD(0) is not

trying to dredly approximate the value function. Rather, TD(0) generated a function V., for which dv;,,,

approximates oV*. If one uses the aror in the values as a metric, TD(1) leans the better function. However, if
one uses the aror in the weighted diff erences as ametric, TD(0) leans the better function. TD(A) does not weight
the erors (differences) equally in al states. The TD(A) algorithm weights the eror in ead state propational to
the frequency with which that state is trained and the magnitude of 00,V(x) for the given state. TD(0) finds the



best weighted 2-narm fit to dV*. It is nat obvious which metric is the most appropriate to use. Figure (2) shows
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Figue 2. AV, isabetter approximationto V* than is dV,
for x=1, and is 0 folJx # 1.

oy acording to the weighted 2-norm. In this graph, dv*=1

Example 2

Figure (3) shows the value function V* aswell as the functions leaned by TD(1) and TD(0), respedively, for
n=50 and for =-(n-1), r=1 for allxz n.
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Figure 3: The optimal value function V*, and the functions learned by TD(1), dired TD(0), and residual gradient TD(0) for
the case =-(n-1), r=1 for allx# n. V., is the best approximation ¥ according to the weighted anweighted 2-norm.

TD(1)
In Figure (3) the TD(0) algorithm finds a function V., for which gv,,,, approximates 8v* and for which

ealier states (50,49,...) are given more weight than later states (...,2,1,0). As previously stated, TD(A) does not
weight the erors equally in all states. The TD(A) algorithm weights the eror in ead state propational to the
frequency with which that state is trained and the magnitude of 0,V(x) for the given state. The temporal

difference eror multiplied by the derivative of V(x) when x=50 yields a value that is much larger than in any ather
state and influences the gproximation by a cmmensurably dispropationate anourt. We stated ealier that
TD(A) is agradient-descent-like method TD(A) isnot atrue gradient descent algorithm for A<1 becaise no single
error function, E, exists whose derivative, 0 E?, is that foundin the weight vedor update eguation wsed by the

TD(A) algorithm given in equation (1). A classof algorithms that does perform gradient descent ona single aror
function, residual algorithms (Baird, 1995 Harmon, Baird, and Klopf, 1995, weights ead temporal difference
error based solely on the frequency with which it is trained and can be viewed as gochastic gradient descent on
the mean squared Bellman residual.

Residual algorithms shoud be used if one prefers the weighting o states be afunction d only the frequency
with which a dtate is trained, and nd a function d both the frequency with which a state is trained and the
derivative of the value function with resped to the given state. Residual gradient TD(0) is an algorithm that
weights the temporal error in a given state based solely on haw often that state is visited. This update is presented
in equation (6) and isthe equivalent of residual gradient valueiteration. The function learned by residual gradient
TD(0), for the case whemre=50,r,=-(n-1), and =1 for allx# n., is also presented in Figure (3).

)+ V(X W) =V, W OV(X., W) - OV(x, W)] (6)

Figure (4) shows dv* aswell as Vi), MVrpy, aNd Ve TOr this example. In Figure (4) we can seethat

the functionleaned by drea TD(0) is dispropartionately influenced by the dsin the higher (ealier) states, while
residual gradient TD(0) weights the temporal difference errors equally.

w=w+alr(x,X

t+1.
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Figure 4: dV* and the functions leaned by dred TD(0) and residual gradient TD(0) respedively for the caer,=-(n-1), r =1
for al x#n. oV* =-49 when x=50. Ve IS the best approximation to dV* acwrding to the unweighted 2-norm and

OV is the best approximation according to the weighted 2-norm.

3 Markov decision processes

In sedion (1) we demonstrated that TD(1) finds a function that approximates the value function dredly and
diread TD(0) finds a function V for which oV approximates dV* and V approximates V* for the terminal states.
In sedion (2) we demonstrated that TD(A) weights the temporal difference arors based onthe derivative of the
value function with resped to the weights for the given state and the frequency with which that state is trained.
We dso showed that residual gradient TD(A) weights the arors based orly on the frequency with which they are
trained. Bertsekas used a least-squares error criterion with resped to the value function for evaluating the utility
of TD(A) for A<1. Observing Figures (1) and (3), the learned functions with resped to the optimal value function
V*, we seethat TD(1) leans a better approximation d V* than dred TD(0) or residual gradient TD(0) acwrding
to the 2-norm. Observing Figures (2) and (4), the differences in the values of successve states, we see that
residual gradient TD(0) and dred TD(0) lean functions that are better approximations with resped to the
diff erences than the function leaned by TD(1). It is nat obvious which metric to use when evaluating the utility
of the various TD methods. In the domain of Markov dedsion processes anather metric can be defined: the sum
of the reinforcements when following a leaned pdicy from a given state x. TD(1) finds a function that
approximates the value function V* diredly and TD(0) finds a function V for which dv approximates dv*.
Which of these two methods is best suited for maximizing the sum of the reinforcements in a wntrol context?
Here we show that, in at least one cae, both the dired TD(0) and residual gradient TD(0) algorithms lean
functions that yield optimal control policies, while TD(1) learns a function that yieddb@ptimal control policy.

Figure (5) depicts the following MDP. The state x is a two element vedor {x,,x,}. In state {0,0} are two
possble adions. transtion to state {0,1}, or transition to state {1,0}. Each adion leads to a Markov chain. The
states succealing state {0,0} are labeled [{0,1} ,{0,2},...{0,n}] and [{1,0},(2,0},..{n,0}]. We asume that states
{0,n} and {n,0} yield a return of 0 and are absorbing.
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Figure 5: MDP with reinforcements o 0=-1 To000="2 T000="192 065=0: =4, X {{0,0},{99,0}}, and r,,=2,
Ox [0f{0,0} ,{0,99}}.

We use alinea approximation d the form V(x,w)=x,w,+x,w,. The optimal weights were cdculated exadly.
For this MDP, direa TD(0) and residual gradient TD(0) leaned functions that yield the optimal pdlicy: when in
state { 0,0}, trangition to state {1,0}. TD(1) leaned a function that yields the wrong pdicy: when in state {0,0},
transition to state {0,1}.

In Figures (6) and (7) it can be seen that TD(1) leaned a function that is a better approximation o the value
function V* than did either direa TD(0O) or residual gradient TD(0), yet TD(1) yieldsa pdlicy that isinferior to the
padlicies generated when using either dired TD(0) or residual gradient TD(0). Also, in Figure (6) it can be seen
that the function leaned by TD(0) was affeded by the dispropationately large derivative in state {99,0}, while
residual gradient TD(0) equally weighted the temporal difference erorsin all states. In Figure (7) it can be seen
that the functions provided by drea TD(0) and residual gradient TD(0) are dmost identicd. In this case, the
derivative in state { 0,99} is O for direa TD(0), and therefore had littl e éfed on the gproximation. In Figure (7),
it is clea that dired TD(0) and residual gradient TD(0) generated functions Vi, and OViemo, that closely

approximateddV * .
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Figure 6: The value functiow* for Figure 7: The value functiow* for
states §1,0} wheren=0...100, and the  states {On} wheren=0...100, and the
functions learned by TD(1),direct functions learned by TD(1), direct

TD(0), and residual gradient TD(0).  TD(0), and residual gradient TD(0).
TD(1) finds the best 2-norm fit ta*, TD(1) finds the best 2-norm fit ta*,
but doesn't find the optimal policy. but doesn't find the optimal policy.



4 Conclusion

In Bertsekas' example TD(0) appeared worse than TD(1), but that is only the cae when considering the 2-
norm of the value function error. With resped to the differencein values TD(0) appeas better than TD(1). These
“differences’ represent the degreeto which the value function fail s to satisfy the Bellman equation. It isnot clea
which metric shoud be used. For our example, the salient information associated with a state is not the acaracy
of the gpproximation to the value function, but the acarracy of the gpproximation d the differencein the values of
adjacent states. In ather words, the information contained in the diff erence in the values of adjacent states is most
relevant for making control dedsions. TD(1) attempts to approximate the absolute value of ead state. Both dred
and residual gradient TD(0) attempt to find approximations of the optimal value function by leaning a function
whose diff erences approximate the diff erences of the optimal value function while simultaneoudly approximating
the value of the terminal states. However, the function leaned by drea TD(0) is also affecded by a
dispropational weighting d the temporal errorsin dfferent states. Dired TD(0) weights ead state propartional
to the frequency with which it is trained and the magnitude of 0,V(x). TD(1) and residual gradient TD(0) weight
each state based solely on the frequency with which it is trained.
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